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Abstract
In this thesis current problems related to the generation of short optical pulses in
mode-locked lasers are considered in a theoretical context. We use numerical and
analytical methods to study these problems. Additionally, the problem of resonant
medium radiation excited by ultrashort light pulse propagating at superluminal
velocity is investigated.
In all existing mode-locked lasers discussed in the literature, the bandwidth of
the laser pulses is limited by the bandwidth of the gain medium. In Chapter 2
of this thesis we investigate the possibility of passive mode-locking based on the
coherent interaction of light with the amplifying and absorbing media in lasers with
ring and linear cavities. We consider the realistic and practically interesting case
when the absorbing and amplifying media are separated in the cavity space but
not homogeneously mixed in the volume of the cavity, as was considered earlier
in the literature. It was shown that other, not soliton scenarios of passive mode-
locking exist, and that coherent mode-locking is self-starting (lasing without an
injection seeding pulse is possible). We point to the fact that the spectral width of
the laser generation can be significantly larger than the spectral bandwidth of the
gain medium. This is only possible due to the coherent interaction between light
and matter. Our theoretical consideration is based on the system of Maxwell-Bloch
equations using the slowly varying envelope approximation.
Passively mode-locked semiconductor lasers are convenient and compact sources
of short optical pulses with a high repetition rate. To reduce pulse timing jitter
in these lasers, hybrid mode-locking technique is commonly used. In Chapter 3
hybrid mode-locking in a two-section edge-emitting semiconductor laser is studied
using a set of three delay differential equations. In these equations the external
modulation applied to the saturable-absorber section is modeled by the modulation
of the carrier relaxation rate. An estimation of the locking range where the pulse
repetition frequency is synchronized with the frequency of the external modulation
is performed numerically and analytically. Our numerical simulations indicate that
hybrid mode-locking can be also achieved in cases when the frequency of the ex-
ternal modulation is approximately twice or a half of that of the pulse repetition
frequency of the free-running passively mode-locked laser. An asymptotic analysis
of the dependence of the locking range width on the laser parameters is carried out
in the limit of small-signal modulation. Numerical and analytical estimations of the
locking range performed in the present work are in qualitative agreement with the
experimental data obtained with passively mode-locked semiconductor quantum dot
lasers.
Another technique for the stabilization of pulse repetition frequency of mode-
locked semiconductor lasers is based on the injection of two coherent sidebands into
a laser (dual-mode injection). In Chapter 4 we study the dynamics of a passively
mode-locked semiconductor laser with dual frequency coherent optical injection us-
ing a delay differential equation model. Namely, we investigate the phenomenon of
synchronization of pulse repetition rate to the difference of the two injected frequen-
cies. The locking range is calculated numerically and estimated asymptotically in
the limit of small injection field amplitude and zero linewidth enhancement factors.
The dependence of the locking range on the model parameters is studied.
Pulse repetition frequency multiplication in mode-locked lasers is an important
issue in optical communications. In Chapter 5 of this thesis using a delay differential
iii
equation model with two time delays, we investigate the dynamics of a semiconductor
laser with an active cavity coupled to an external passive cavity. Our numerical sim-
ulations indicate that when the coupling between the two cavities is strong enough
and the round-trip time of the active cavity is an integer multiple of the round-trip
time of the external passive cavity, a harmonic mode-locking regime can develop in
the laser with a pulse repetition period close to the passive cavity round-trip time.
We also demonstrate that the laser output field intensity is sensitive to the relative
phase between the electric fields in the two cavities and exhibits a resonant behav-
ior. The period and width of these resonances depends on the round-trip times of
the two cavities and the coupling strength between them. The existence of optical
bistability between different dynamical regimes was demonstrated numerically.
In Chapter 6 the optical response of a one-dimensional resonant medium made of
dipoles with a periodically varying density excited by a spot of light moving along
the medium at superluminal (subluminal) velocity is studied. We demonstrated
that the Cherenkov radiation in such a system is rather unusual, possessing both a
transient and resonant character. We show that, under certain conditions, another
Doppler-like frequency appears in the radiation spectrum in addition to the resonant
Cherenkov peak. Both linear (small-signal) and nonlinear regimes as well as different
medium topologies are considered.
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Zusammenfassung
In dieser Arbeit werden einige Probleme im Zusammenhang mit der Erzeu-
gung ultrakurzer Pulse in modengekoppelten Lasern unter Verwendung analyti-
scher und numerischer Methoden theoretisch untersucht. Weiterhin werden einige
Resultate über die Strahlung resonanter Medien, welche durch einen ultrakurzen
Überlichtgeschwindigkeits-Lichtpuls angeregt werden, dargestellt.
In allen konventionellen modengekoppelten Lasern, welche in der gängigen Li-
teratur diskutiert werden, ist die Bandbreite des Pulses durch die Bandbreite des
Verstärker-Mediums limitiert. Die Möglichkeit passiver Modenkopplung durch kohä-
rente Wechselwirkung des Lichts mit einem absorbierenden und einem verstärkenden
Lasermedium in linearen und ringförmigen Kavitäten wird in Kapitel 2 theoretisch
untersucht. Insbesondere der interessante Fall, in welchem das absorbierende und
das verstärkende Medium in der Kavität räumlich separiert (und nicht homogen
vermischt) sind, wird untersucht. Es wird gezeigt, dass nicht-Soliton-artige Szena-
rien existieren und Lasertätigkeit ohne einen extern injizierten Puls möglich ist.
Weiterhin kann gezeigt werden, dass die spektrale Breite des Lasers deutlich grö-
ßer als die spektrale Breite des Verstärker-Mediums sein kann, abhängig von den
Parametern des Verstärker- und Absorber-Mediums. Grundlage dieses Effekts ist
die kohärente Wechselwirkung von Licht und Materie. Die theoretische Behandlung
basiert auf der Untersuchung eines Systems von Maxwell-Bloch-Gleichungen unter
Verwendung einer Näherung für langsam veränderliche Einhüllende.
Passiv modengekoppelte Halbleiterlaser sind zuverlässige und kompakte Quel-
len kurzer optischer Pulse mit hoher Wiederholungsrate. Allerdings zeigen
solche Laser Timing-Jitter, wodurch Stabilisierungstechniken notwendig sind.
Die hybride Modenkopplung ist gegenwärtig ein sehr aktives Forschungsgebiet.
In Kapitel 3 wird die hybride Modenkopplung in einem kantenemittierenden
Zwei-Sektions-Halbleiterlaser anhand eines Systems von drei gekoppelten Delay-
Differentialgleichungen untersucht. In diesen Gleichungen wird das externe Si-
gnal, welches an die Absorber-Sektion gekoppelt wird, durch die Modulation der
Ladungsträger-Relaxationsraten modelliert. Abschätzungen des Synchronizationbe-
reichs, in welchem die Pulswiederholungsfrequenz mit der Frequenz der externen
Modulation synchronisiert, werden anhand numerischer und analytischer Rechnun-
gen gewonnen. Die numerischen Simulationen zeigen, dass hybride Modenkopplung
sogar in Fällen erreicht werden kann, in denen die Frequenz der externen Modula-
tion zweieinhalb mal so groß wie die Pulswiederholungsfrequenz des frei laufenden
passiv modengekoppelten Lasers ist. Im Grenzfall kleiner Modulationssignale wird
durch asymptotische Analysis die Abhängigkeit der Breite des Kopplungsregimes von
den Laser-Parametern nachvollzogen. Die in dieser Arbeit dargestellten numerischen
und analytischen Abschätzungen des Kopplungsbereichs sind in guter qualitativer
Übereinstimmung mit experimentellen Beobachtungen in passiv modengekoppelten
Quantenpunkt-Halbleiterlasern.
Eine weitere Methode zur Stabilisierung der Pulswiederholungsfrequenz moden-
gekoppelter Halbleiterlaser basiert auf der Injektion zweier kohärenter Seitenbänder
in den Laser. Die Dynamik passiv modengekoppelter Halbleiterlaser, welche durch
zwei kohärente Frequenzen optisch gepumpt werden, wird in Kapitel 4 anhand ei-
nes Delay-Differentialgleichungsmodells untersucht. Die Kopplungsregime, in wel-
chen der Laser mit den beiden injizierten Frequenzen synchronisiert, werden nu-
merisch und analytisch berechnet. Durch asymptotische Analysis für den Grenzfall
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schwacher Injektionsfeldamplituden lässt sich die Abhängigkeit der Synchronizati-
onbereiche von den Modellparametern, wie z. Bsp. der optischen Bandbreite, der
Absorber-Recovery-Zeit und den linearen Verlusten ermitteln.
Das Problem der Vervielfachung der Pulswiederholungsrate ist bedeutend für An-
wendungen in der optischen Kommunikation. In Kapitel 5 dieser Arbeit wird die
Dynamik eines Halbleiterlasers mit einer aktiven Kavität, welche an eine passive,
externe Kavität gekoppelt ist, anhand eines Delay-Differentialgleichungsmodells mit
2 Zeitverzögerungen untersucht. Die numerischen Simulationen zeigen, dass sich ein
harmonisches Modenkopplungsregime ausbilden kann, dessen Pulswiederholungszeit
etwa der Umlaufzeit der passiven Kavität entspricht, falls eine ausreichend starke
Kopplung der beiden Kavitäten vorliegt und falls die Umlaufzeit der aktiven Kavi-
tät ein ganzzahliges Vielfaches der Umlaufzeit der passiven Kavität ist. Weiterhin
wird ein Resonanzphänomen diskutiert, demzufolge die Intensität des ausgekoppel-
ten Laserfelds empfindlich von der Relation der Phasen der elektrischen Felder in
den beiden Kavitäten abhängt. Die Periodendauer und Breite der Resonanzen hängt
vom Verhältnis der Umlaufzeiten und der Kopplung der beiden Kavitäten ab. Die
Existenz optisch bistabiler dynamischer Regime wird numerisch nachgewiesen.
Kapitel 6 dieser Arbeit beinhaltet eine theoretische Studie der optischen Antwort
eines eindimensionalen resonanten Mediums, welches aus Dipolen mit periodisch
veränderlicher Dichte aufgebaut ist, auf einen Lichtpuls, welcher sich mit Überlicht-
geschwindigkeits durch das Medium bewegt. Die Cherenkov-Strahlung eines solchen
Systems besitzt untypische Eigenschaften und zeigt sowohl transienten als auch re-
sonanten Charakter. Unter bestimmten Bedingungen kann im Spektrum neben dem
resonanten Cherenkov-Signal eine weitere Doppler-artige Frequenz auftreten. Hier
werden sowohl das lineare (kleine Signale) als auch nichtlineare Regime, sowie ver-
schiedene Topologien des Mediums betrachtet.
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The current work is devoted to the theoretical study of mode-locked lasers. These lasers
are used for generation of short optical pulses that find applications in different areas
ranging from real-time monitoring of chemical reactions to high-bit-rate optical commu-
nications [1–26]. The main focus of this thesis lies on the analysis of fundamental and
practical dynamical properties of the mode-locking techniques such as coherent mode-
locking, hybrid mode-locking, dual mode optical injection, and mode selection in mode-
locked lasers. These techniques can be used for the improvement of the mode-locked
pulse characteristics and for the control of the pulse repetition frequency, in particular,
frequency stabilization and multiplication. In the last chapter a new type of Cherenkov
radiation from the resonant medium excited by an ultrashort light pulse propagating at
superluminal velocity is discussed. This phenomenon opens the possibility of generation
of new frequencies in resonant medium, which are contained in the radiation spectrum
of a mode-locked laser.
The development of ultrashort laser pulse sources has been an area of scientific and
technological interest in optics since the 1960s [1–26]. Such ultrashort laser pulse sources
with stabilized high peak power and repetition rate have many practical applications in
different areas of physics and chemistry, for example in real-time monitoring of ultrafast
processes in matter, ultrahigh-bit-rate optical communications, high-capacity telecom-
munication systems, optical clocks, metrology, etc. [21–25]. The principles of operation
for different types of ultrashort pulse lasers are described in many papers and mono-
graphs [1, 3–9, 12–26].
A well known method for generating high power short optical pulses is called Q-
switching, see Refs. [1, 20, 21]. The technique is based on the incorporation of an
optical switch into the laser cavity. This device can rapidly change the transmission of
light. When the switch is off, the cavity Q-factor is very small and lasing is impossible.
When the switch is on, the Q-factor is high and lasing becomes possible. The pump
radiation produces a high population inversion in the active medium when the switch is
off. After the maximum population inversion is achieved, the switch is rapidly opened,
the cavity Q-factor increases and the energy stored in the active medium radiates as
so-called giant pulse of light with a high peak power. A disadvantage of this method is
that it does not allow for generation of pulses with sufficiently high repetition rates.
An alternative technique to obtain short optical pulses with high repetition rates is
mode-locking. The basic idea here is as follows. Assume we have a laser with the spec-
trum of generation consisting of a set of longitudinal modes. The frequency separation
between any two adjacent cavity modes is ∆ν = 1T , where T is the cavity round-trip
time of light, see Fig. 1.1. Let N denote the total number of modes and ν0 the carrier
frequency. Consider the electric field of laser radiation at a fixed point of space. This
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Figure 1.1: Spectrum of laser radiation. Laser radiation contains a set of longitudinal
modes with the frequency separation between any two adjacent modes ∆ν.





En(t) cos[2πν0t+ 2π(n − 1)∆νt+ φn(t)]. (1.1)
In general, the mode amplitudes En(t) and phases φn(t) vary with time. Suppose for
simplicity that mode amplitudes En and phases φn do not depend on time. If phases
φn are random numbers the laser output should exhibit a random peak pattern, see
Fig. 1.2a. On the contrary, when phases φn are equal to each other in (1.1) then the
time dependence of laser radiation intensity has the form of a pulse train with the
time period T , see Fig. 1.2b. In order to obtain the conditions under which the phase
difference between laser modes is fixed, different mode-locking techniques are used. Well
known mode-locking methods are: active mode-locking, passive mode-locking, coherent
mode-locking, and hybrid mode-locking.
In active mode-locking the active element, an optical modulator (that can change
amplitude or phase of light under external control) is introduced into a laser cavity, see
Refs. [2, 17, 20, 21]. To achieve a mode-locking regime the frequency of modulation
should be close to (or a multiple of) the intermode frequency interval ∆ν. Modulation
at the frequency ∆ν results in the parametric enhancement of the adjacent modes with
the required phases, whose modulation enhances, in turn, the next adjacent modes, etc.
In order to achieve passive mode-locking, a nonlinear absorbing medium is placed into
the laser cavity [4–9, 11–26]. The system behavior strongly depends on the ratio of two
parameters: pulse duration τp and damping time T2 of the polarization of the medium,
where typically the relation τp > T2 holds. The case when this inequality is satisfied is re-
ferred to as an incoherent interaction of a light pulse with a medium. Polarization of the
medium follows the optical field in a quasi-stationary manner and can be adiabatically
eliminated from the model [10, 18]. The nonlinearity of the amplification/absorption
in the case of incoherent interaction results from the change in the population differ-
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Figure 1.2: Time dependence of radiation intensity |E(t)|2: (a): chaotic spikes in the




ence of the levels under the influence of the intense optical field. In particular, the
absorber saturates when the electric field is strong. Therefore, the term saturable ab-
sorber is used in the literature. Physical mechanisms of passive mode-locking in lasers
are well-understood in the incoherent case, see Refs. [12–26]. The saturable absorber is
an element with a transmission depending on the laser radiation intensity propagating
through it. The saturable absorber absorbs the low intensity portions of the light propa-
gating through it and transmits the high intensity portions. In such a way the absorber
acts as a nonlinear modulator of the losses in the cavity and periodic pulse trains can
appear. This technique was successfully realized in different types of lasers: Ruby lasers
[3], neodymium glass lasers [4], dye lasers [11], and semiconductor lasers [22–26]. The
passive mode-locking technique allows to obtain optical pulses with the duration reduced
to a few hundreds of femtoseconds in solid state lasers and semiconductor lasers [17–26].
The pulse duration of passively mode-locked (PML) lasers with a saturable absorber is
limited by the inverse gain bandwidth of the active medium.
Another interesting type of interaction between a short light pulse and a resonant
medium arises when pulse duration is shorter than polarization relaxation time, τp <
T2. Such interaction is called coherent [10, 18, 27–29]. In this case the polarization
of the medium does not follow the field in a quasistationary manner and depends on
the field in the previous time moments. Moreover, the presence of a phase memory
changes qualitatively the picture of the evolution of the pulse. For example, a soliton-
like pulse propagation in the absorbing medium (2π pulse of self-induced transparency)
and in the gain medium (π pulse) becomes possible under such conditions [10, 18, 27–
29]. Recently this phenomenon was used to develop a theory of coherent passive mode-
locking in Refs. [30–36]. This type of mode-locking is based on the coherent interaction
between light with absorber and gain, which leads to the formation of 2π pulse of self-
induced transparency in absorber and π pulse in the gain media. Contrary to the usual
PML lasers, where the ultimate limit on the output pulse duration is set by the inverse
bandwidth of the gain medium, coherently mode-locked lasers can generate optical pulses
with a duration much shorter than the medium coherence time T2, i.e. the spectral width
of the lasing is larger than the bandwidth of the gain medium.
In Refs. [30–36] theoretical study of coherent mode-locking was performed for a laser
with amplifier and absorber implemented within the same sample. This assumption
was crucial for the observation of the soliton regimes. However, gain and absorber
are typically separated in space. Discovery and characterization of the coherent mode-
locking in this situation theoretically and experimentally is an open problem. Potentially,
with the help of coherent mode-locking one can obtain ultrashort pulses with spectral
bandwidth wider than the gain spectrum, and the inverse bandwidth of the gain medium
will not be the ultimate limit of the output pulse duration anymore.
Passive mode-locking in semiconductor lasers has a number of important applications.
PML semiconductor lasers are widely used for the generation of short optical pulses
with high repetition rates ranging from a few GHz to hundreds of GHz [22–26]. Such
lasers contain forward biased gain section and reverse biased saturable absorber section.
Due to their compact size, low cost and reliability, they are prominent candidates for a
number of different applications, in particular, in high-speed communication systems [22–
4
26]. PML quantum dot lasers are particularly good candidates for this purpose [24, 25].
The advantages of such lasers in comparison to quantum well devices are broadband high
gain amplification, ultrafast carrier dynamics, and a very low threshold current for lasing
[24, 25]. Moreover, further development of stabilized semiconductor light sources is a
great demand for the use in a range of applications such as optical telecommunications,
frequency metrology, optical sampling, and clock recovery [22–26]. Due to some technical
factors, PML semiconductor lasers exhibit significant timing jitter which limits their
performance in these applications. For stabilization of the pulse repetition frequency
a hybrid mode-locking technique [26, 37–42] and coherent dual mode optical injection
from an external laser [43–47] are used.
Hybrid mode-locking is a combination of active and passive mode-locking techniques
[22–26]. In hybrid mode-locked semiconductor lasers, external voltage modulation is
applied to the saturable absorber section. If the frequency of this modulation is close
to the pulse repetition frequency of the laser, the latter frequency becomes locked to
the external one. The interval of modulation frequencies, where this synchronization
takes place, is usually referred to as the locking range. Locking range in semiconductor
lasers strongly depends on the characteristics of the voltage modulation - modulation
amplitude, modulation frequency, as well as parameters of the gain and absorber sections.
Characterization of this dependence can be used to provide recommendations on locking
range enlargement.
The disadvantage of hybrid mode-locking technique is that it does not influence the
individual line’s frequency noise [43–47]. For various optical communication systems, op-
tical frequency combs with narrow optical linewidths are desirable. Therefore, another
technique leading to stabilization of pulse repetition frequency and individual line’s fre-
quency noise reduction was used in [43–47]. This technique is based on the injection of
two coherent spectral lines (dual-mode injection) into a PML laser [43–47]. When the
frequency separation of two injected frequencies is close to the pulse repetition frequency
of the free-running PML laser, the latter frequency is synchronized to this separation
frequency. Locking range in this situation strongly depends on the relative positions
of two injected frequencies with respect to the PML laser spectrum, frequency separa-
tion between two injected tones, and injected field power. Analysis of this dependence
is important for the improvement of the characteristics of PML laser pulses, reduction
frequency noise, and suppression of waveform instabilities.
The problem of pulse repetition frequency multiplication in semiconductor lasers is
very important for the increase of data transmission rate in various optical communi-
cation systems [48–57]. In practice laser repetition rate is limited by the operational
frequencies of the optical modulators [48] and by the fact that the active medium length
must be sufficiently large to achieve laser generation. A mode selection technique to in-
crease the pulse repetition frequency using an external Fabry-Perot filter was successfully
realized in solid state femtosecond laser systems [53–57]. Application of mode selection
technique in the PML semiconductor lasers has high potential in ultrahigh-bit-rate op-
tical communication systems.
In 1930th P. A. Cherenkov and S. I. Vavilov discovered a radiation arising when elec-
tron moves in a pure liquid with the velocity larger than the phase velocity of light in the
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liquid [58–64]. This radiation received the name of Cherenkov radiation. The Cherenkov
radiation typically has a conical shape with the angle depending on the ratio of the elec-
tron velocity and the speed of light in the medium. Moving spot of light created by a
rotating source on a distant screen [65–67], gradient of the refractive index or popula-
tion inversion, and other medium characteristics depending on the radiation intensity
can propagate at superluminal velocity [10, 68]. This in principle can lead to a number
of effects similar to the Cherenkov radiation. Note, that superluminal motions are not
prohibited if they are not associated with the signal (information) transfer [66, 67, 69–
74]. Recent investigations demonstrated the appearance of conical emission similar to
Cherenkov radiation when an ultrashort pulse from a mode-locked laser propagates in
resonant atomic vapors [75–79]. Another example of superluminal propagation appears
when a light pulse is incident obliquely on a thin layer containing resonant particles. In
this case the intersection of the pulse and the layer (light spot) moves along the layer
with the velocity V = c/ sin β > c, where β is the angle between the pulse wavevector
and the vector normal to the layer [65–67]. Superluminal pulse propagation along a layer
of resonant particles can lead to an excitation of Cherenkov radiation. In particular, the
case when the resonant particles are distributed periodically along the layer is of partic-
ular interest and has not been systematically studied so far. Experimental realization of
Cherenkov radiation in this case opens the possibility for the determination of a spatial
structure of the scattering system from the spectrum of the scattered wave.
This thesis consist of five original chapters.
In Chapter 2 a theoretical study of coherent mode-locking in two-section lasers is pre-
sented. Qualitative consideration of the coherent passive mode-locking basing on the
area theorem of McCall and Hahn facilitates the discovery of the stable limit cycles that
correspond to mode-locking regime in the system. The diagram technique considered in
Chapter 2 reveals the main features of coherent passive mode-locking such as the depen-
dence of pulse duration on the ratio absorber/gain transition dipole moments and the
possibility of existence of multiple pulses per cavity round-trip. Numerical simulations
are performed for the lasers with ring and linear cavities with the help of Maxwell-Bloch
equations under the slowly varying envelope approximation. Results of these simulations
confirm the predictions based on the McCall and Hahn area theorem. All numerical sim-
ulations in Chapter 2 are performed for realistic parameter values typical for different
types of lasers, in particular, for semiconductor lasers. This analysis is closely related to
the recent progress in the investigation of coherent phenomena in semiconductor lasers
[80–82], self-induced transparency in semiconductors [83, 84], and coherent pulse prop-
agation in quantum cascade lasers (QCL) [85, 86]. Coherently mode-locked two-section
lasers studied in Chapter 2 can be used to obtain ultrashort optical pulses with high
repetition rate.
In Chapter 3 using a delay differential equation model (DDE) a detailed theoreti-
cal analysis of hybrid mode-locking in semiconductor lasers is performed. Existence of
hybrid mode-locking regimes in the cases when the frequency of the external signal is
close to the second-harmonic of the PML laser pulse repetition frequency and to half
of the laser repetition rate is demonstrated for the first time. The recent experimental
evidence of such half-frequency modulation hybrid mode-locking provided by TU Berlin
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is discussed [87]. Moreover, an asymptotic analysis of model equations performed in
Chapter 3 allows to estimate the locking range width at small modulation amplitudes.
The analysis performed in Chapter 3 reveals the possible reasons of the asymmetry of
the locking regions that was observed experimentally in mode-locked quantum dot lasers
[42].
In Chapter 4 semiconductor mode-locked lasers with coherent dual mode optical in-
jection are studied using a DDE model. Locking range is calculated numerically and
estimated asymptotically for the cases when the frequency separation between the two
injected tones is varied. Results of numerical simulations are in qualitative agreement
with the recent experimental data obtained with mode-locked quantum dot lasers [88].
Using an asymptotic analysis the dependence of locking range width on the model pa-
rameters is studied.
In Chapter 5 a PML semiconductor laser coupled to an external passive cavity is
studied theoretically using a DDE model with two time delays. The external cavity in
this case is used as a filter which suppresses certain longitudinal modes of the PML laser.
Increase of pulse repetition frequency by a factor of 2 and 3 when the external cavity
length is 2 and 3 times smaller than the active cavity is demonstrated. Dependence of
the characteristics of these harmonic mode-locking regimes on the model parameters and
coupling coefficients between the two cavities is studied. Existence of optical bistability
in the model equations is demonstrated numerically.
In Chapter 6 an interesting phenomenon that can be implemented experimentally with
ultrashort pulse sources is studied. It can arise when radiation of a resonant medium is
excited by an ultrashort light pulse propagating at superluminal velocity [65–67, 74]. Su-
perluminal excitation of resonant medium occurs when a short plane-wave pulse crosses
a flat screen. Appearance of a new type of Cherenkov radiation in the resonant medium
excited by such a pulse is demonstrated. This radiation has unusual properties: it arises
in a transient regime and possesses a narrowband spectrum with the central frequency
at the resonance of the particles of which the medium is comprised. Moreover, it is
demonstrated that if medium particles are distributed periodically, a second Doppler-
like frequency appears in the spectrum of medium radiation. This additional frequency
emerges in the linear regime, when the pump remains weak, and in the nonlinear regime,
when the pump radiation is strong. Intensity of radiation at this additional frequency
can be much larger than the intensity of radiation at the resonance frequency.
The thesis closes with the summary and concluding remarks.
This thesis was carried out in the Weierstrass Institute for Applied Analysis and
Stochastics (WIAS) and funded by the EU Project ITN Prophet, Grant No. 264687. All




2 Theoretical analysis of coherent
mode-locking in lasers
In the present chapter the theoretical background of mode-locked lasers is discussed
along with a brief introduction of efforts to model their behavior. Furthermore, coherent
passive mode-locking in two-section lasers with either ring or linear cavity is studied
numerically.
2.1 Passive mode-locking in lasers, basic theoretical
approaches
Investigations of mode-locking in lasers began as soon as the first lasers were developed
in the 1960s [3–9]. As we mentioned in the introduction, discovering mode-locking led to
a great success in the realization of extremely short laser pulses with high peak power.
Below we consider the basic approaches that are used to describe theoretically passive
mode-locking regimes in lasers.
The primary element allowing periodic pulse generation is the nonlinear absorber. A
nonlinear absorber is a material where the absorption decreases with increase of the
light intensity. Such materials as dyes, crystals or semiconductors with strong resonant
absorption can be used for this purpose. The latter are most actively used nowadays,
because of their significant advantages in comparison to dye absorbers and other solid
state materials used before (see Refs. [22–25, 89]). As an example of the recent progress
in this area, the discovery of so-called semiconductor saturable absorber mirror (SESAM)
[89, 90] can be mentioned. In this device, semiconductor absorber material is integrated
into the laser mirror which results in dependence of the mirror reflectivity on the light
intensity. Such a technique allows for the creation of passively mode-locked solid state
lasers generating light pulses with a duration from femtoseconds to nanoseconds [89, 90].
Passive mode-locked semiconductor lasers are actively studied today. In such lasers,
quantum dot and quantum well materials can be used for both gain and absorbing
sections, resulting in short optical pulses with a repetition rate in the range from few
to hundreds GHz [22–26]. Due to their compact size and high repetition rate they are
considered as promising candidates for optical communication systems.
Before the detailed discussion of theoretical approaches to passive mode-locking mech-
anism, an important remark is to be mentioned. Short pulse propagation occurring in
a resonant medium strongly depends on the ratio between the two parameters: pulse
duration τp and polarization relaxation time T2. There are two general situations that
can be imagined in this context, typically referred to as an incoherent interaction of a
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light pulse with medium, and the coherent interaction [10, 18, 29]. In the former case
the pulse duration is much larger than the polarization relaxation time, τp >> T2. Po-
larization of the medium "follows" the optical field in a quasi-stationary manner and can
be adiabatically eliminated from the model equations describing interaction of the light
with medium [10, 18]. During the pulse propagation, it reduces the population difference
in the medium, thus making it saturated. Therefore, the term "saturable" is used in the
literature to denote such absorber. Due to the lack of instantaneous nontrivial dynamics
of the atomic polarization, such type of mode-locking will be called “incoherent” in the
following, in contrast to “coherent” mode-locking considered below. The majority of
the papers considering theoretically passive mode-locking are based on an incoherent
approximation. We briefly overview this class of theories.
P. G. Kryukov and V. S. Letokhov explained mode-locking using so-called fluctuation
mechanism [20, 21, 91, 92]. According to this model the laser radiation at the low-
intensity linear stage contains a lot of chaotic ultrashort spikes. At the next, nonlinear,
stage, when the intensity of radiation increases, the absorbing medium bleaches. This
leads to a faster amplification of the spikes having the highest intensity, and, simultane-
ously, to their compression. Thus, a periodic sequence of mode-locked ultrashort pulses
appears. This model was successfully applied to an explanation of mode-locking regimes
in Ruby, Nd-glass and other lasers.
Analytical study of passive mode-locking was first performed by H. Haus, see Refs.
[93, 94] and review [95]. His theory was developed for so-called fast and slow saturable
absorbers and contains significant simplifications. In the case of fast saturable absorber
(see Ref. [94]) its population difference relaxation time must be much smaller than
the pulse duration. Another simplification is that the pulse shape does not change
significantly per cavity round-trip and that the absorber saturation is relatively weak.
In Ref. [93] an analytical study of passive mode-locking with so-called slow saturable
absorber was performed. In this theory the pulse duration is assumed to be much
smaller than the absorber recovery time. Besides, the approximation of a weak gain
and absorption were assumed. In Ref. [96] New also developed an analytical theory of
mode-locking. He demonstrated that combined action of the absorption and saturation
in the amplifier can lead to a pulse compression. The results obtained by New were
applied to explain the picosecond pulse generation in mode-locked dye lasers. Further
development and analysis of the mode-locking models were performed in Refs. [97–99].
This analysis was based mainly on the numerical simulations.
The disadvantages of the Haus and New approaches were elucidated in Refs. [100–
102]. In particular, the ability of the models of Haus and New to adequately describe real
laser systems were questioned for many practical situations. For example, semiconductor
mode-locked lasers have rather high gain and losses per cavity round-trip. To overcome
this limitation, in Refs. [100–102] a delay differential equations (DDE) model was devel-
oped by A. G. Vladimirov with coauthors. This model is able to describe mode-locking
in the parameter range typical for semiconductor lasers. The only essential assumption
of this model was a ring-cavity geometry with unidirectional lasing. Nevertheless, the
approximation of slow saturable absorber, typical for semiconductor lasers was utilized
there. An analytical and numerical study of such a model is possible using bifurcation
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analysis and asymptotic techniques. Furthermore, the DDE model and some its gen-
eralizations were successfully applied to study different dynamical regimes in passively
mode-locked lasers [42, 87, 102–105]. We will apply the DDE model to the theoretical
analysis of hybrid mode-locked, dual mode optically injected semiconductor lasers and
coupled cavity semiconductor lasers in Chapters 3-5 of the thesis.
Let us consider a qualitative physical picture of the pulse evolution in a mode-locked
laser [10, 17]. After the pulse passes through the absorber, its leading edge is strongly
attenuated. On the other hand, the trailing edge propagates in the medium which is
already saturated and thus experiences weaker absorption rate. As a result, the laser
pulse shape becomes asymmetric, see Fig. 2.1a. Note that the pulse maximum is shifted
backward during this process, meaning that it moves at a velocity smaller than the
velocity of light in vacuum c.
In the amplifying medium the situation changes significantly. The pulse front propa-
gates in a still unsaturated medium and thus is strongly amplified. The gain becomes
saturated, and the trailing edge grows slower, as illustrated in Fig. 2.1b. As a result of
nonlinear amplification, the pulse maximum is shifted forward. Therefore, the velocity
of the pulse maximum is larger than the light velocity in vacuum c. This, of course, does
not contradict the causality principle. The possibility of superluminal propagation of
the pulse maxima in an amplifying medium was demonstrated experimentally and theo-
retically in Refs. [10, 106–109]. As a result of this process the resulting pulse is narrowed
and achieves its stationary shape after many round-trips. This process is illustrated in
Fig. 2.2.
Figure 2.1: Illustration of the pulse shape evolution in a saturable absorber (a) or sat-
urable amplifier (b) [10, 17].
In contrast to previous considerations, if the pulse duration is short enough, the dipole
moment (medium polarization) induced in the nonlinear medium does not have time to
decay during the interaction time. This happens if the pulse duration τp is much less
than the polarization relaxation time, τp << T2, i.e. “coherent” interaction of light with
11
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Figure 2.2: Pulse-shortening process by simultaneous action of the absorber and ampli-
fier [17].
a medium takes place. In this case the polarization of the medium is determined by the
field values in the previous time moments and does not “follow” the field, as in the case of
incoherent interaction. In other words, the medium possesses a “phase memory” during
the relaxation time T2, which strongly changes the picture of the pulse propagation.
Coherent pulse propagation in amplifying and absorbing media is well-studied cur-
rently, see Refs. [10, 27–29, 80–86, 110, 111]. In the case of such coherent interaction,
an interesting phenomenon of self-induced transparency (SIT) may arise. SIT was dis-
covered by S. L. McCall, E. L. Hahn in Refs. [27, 28] and observed experimentally in
different media. The influence of SIT on the pulse propagation is the following: the lead-
ing edge of the pulse transfers the particles from the ground energy state to a coherent
superposition of the ground and excited states. Thus, some part of the field energy is
stored in the medium. The trailing edge of the pulse causes the atoms to emit electric
field and thus the energy stored in the medium returns back to the field. In this way,
the atoms are excited at the leading edge of the pulse and move back to the ground
state at the trailing edge. In this way, the pulse may restore its initial shape during
the propagation and thus travel in the nonlinear medium without loss of energy. This
leads, however, to the decrease of the pulse velocity. The important quantity describing
the pulse dynamics in the coherent regime is the pulse area, defined as [28] (for more







where d12 is the transition dipole moment of the two-level atom, and E(t, z) is the pulse
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envelope. The area Φ of a stable SIT-induced soliton is 2π. An important result of the
SIT theory is the so-called pulse area theorem. This theorem governs the evolution of
the pulse area Φ during its propagation in a two-level absorbing (or amplifying) medium













is the absorption coefficient per unit length, N0 is the concentration of two-level atoms,
ω12 is the medium transition frequency and 1/T ∗2 is the width of inhomogeneously broad-
ened line. The solution of (2.2) is
tan(Φ/2) = tan(Φ0/2)e
−α0z/2, (2.4)
where Φ0 is the initial pulse area. The solution of (2.2) is presented in Fig. 2.3a. Ac-
cording to Fig. 2.3 the area of pulses with Φ0 smaller than π tends toward 0 during
propagation in the medium (see also Fig. 2.3b). If the pulse area is slightly larger than
π (for example Φ0 = 1.1π as in Fig. 2.3a), the pulse area tends to a stationary value
2π and a stable soliton is formed. Besides, the pulse duration increases simultaneously,
see Fig. 2.3c. In contrast, if the initial pulse area 2π < Φ0 < 3π as in Fig. 2.3d, pulse
narrowing takes place. And finally, if the Φ0 close to 4π initial pulse may split into 2
separate 2π pulses, see Fig. 2.3e, where the evolution of pulse shape for Φ0 = 3.6π is
illustrated.
Coherent pulse propagation in an amplifying medium can be also described by (2.2)
taking into account the fact that α0 changes its sign. From Eq. (2.2) it follows that
the same diagram Fig. 2.3a can be used, only the opposite z-direction must be taken.
Accordingly (see Fig. 2.3), a pulse with the initial area Φ0 < π (or 2π) approaches a
steady-state with the area π. During this process, the pulse duration decreases. Note
that such π-pulse leaves the initially excited two-level atoms in the ground level after its
passage.
Thus, a stable 2π soliton in an absorbing medium, and a stable π soliton in a gain
medium can be formed. This fact was first noted in Ref. [10] where a coherent pulse
propagation in a two-component medium containing a gain and absorbing material was
studied theoretically.
This observation led to the proposal of so called coherent passive mode-locking, a
theory developed in Refs. [30, 31] and later expanded upon in recent papers [32–36]. In
order to achieve 2π and π pulse areas in the absorbing and gain medium respectively,
it is necessary to take the dipole moment of the absorbing medium two times larger
than the dipole moment of the gain medium. In contrast to the case of usual passive
mode-locking, coherent mode-locking allows for the generation of optical pulses with
spectral bandwidth larger than the bandwidth of the gain medium. On the other hand,
in Refs. [30–36] it was assumed that both the absorbing and amplifying media are
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Figure 2.3: (a) Branches of solution of Eq. (2.2). For an absorbing (amplifying) medium
with α0 > 0 (α0 < 0), the pulse area evolves in the direction of increasing
(decreasing) distance z toward the nearest even (odd) multiple of π. (b)-(d):
Evolution of pulses with the initial areas Φ0 = 0.9π, Φ0 = 1.1π, 2.9π, 3.6π
respectively, with distance and time [28].
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homogeneously “mixed” in the same sample. This is difficult to realize for most of
passively mode-locked laser systems [22–26], with the exception of a quantum cascade
laser structure developed in [32, 33]. Because of this, below in this Chapter we will extend
the theoretical analysis of the coherent mode-locking to the case when both absorber
and gain medium are placed separately in the cavity. Some results of this Chapter are
included in a common publication [112], which is currently under preparation and in
a recent publication: R. M. Arkhipov, M. V. Arkhipov, I. V. Babushkin "On coherent
mode-locking in a two-section laser", JETP Letters, Vol. 101(3), pp. 149-153 (2015).
Before proceeding further with numerical analysis, let us consider the pulse evolution
qualitatively, using a drawing showing the evolution of the pulse area in different parts
of the cavity, which we refer to as McCall-Hahn diagrams in the following. It allows us
for better understanding of basic mechanisms responsible for the pulse generation in a
situation when the gain and absorber sections are separated, as well as to estimate the
range of parameters where the coherent mode-locking is possible. We note that such
an analysis, to the best of our knowledge, have never been considered in the literature
before.
2.2 Area theorem and coherent mode-locking
In this section we present analysis of coherent mode-locking using the graphical repre-
sentation technique which we call “McCall and Hahn diagrams”.
Consider the situation when the absorbing and amplifying media are separated in
space and the dipole moment of the absorber is twice that of the amplifier. Let us plot
the solutions of Eq. (2.2) for the absorber and amplifier on the same plane for the case
when the coefficient α0 determined by Eq. (2.3) is the same for both media (in this
case N0 in the amplifier is four time that of the absorber). The branches of solutions
of Eq. (2.2) placed in this way are shown in Fig. 2.4. Importantly, we can chose the
direction of motion along the branch of the absorber (blue curves noted as 1a, 2a, 3a,
4a) from left to right, whereas for the amplifier it is opposite, from right to left (red
curves noted as 1g, 2g), which is explained by the opposite signs of α0 in both sections.
Using such diagram technique we are able to see immediately the most important
peculiarities of the pulse area evolution. Let us assume that we have a laser with a
ring cavity operating in a unidirectional lasing regime, see Fig. 2.5. In this laser a
short pulse satisfying the condition of coherent interaction passes through the amplifier,
is reflected from the mirror 1 with the reflection coefficient for the field R, and then
enters the absorber. Assume that the other mirrors do not produce any energy loss. We
also assume that the pulse travels long enough in every cavity section such that both
the gain and absorber are able to recover to their equilibrium values between the pulse
passages. Let us now suppose that a short pulse with the initial area Φ0 = 0.25π enters
the amplifier (cf. Fig. 2.6). This area corresponds to the point G1 on the red (amplifier)
curve. Propagation in the amplifier corresponds to a shift of this point from right to
left along the amplifier branch (red curve in Fig. 2.6) to G2, which is accompanied by
an increase of the pulse area. After the pulse passes the amplifier, it is reflected by a
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Figure 2.4: Branches of solution of Eq.(2.2) for the absorber 1a, 2a, 3a, 4a (blue lines)
and the amplifier 1g, 2g (red line) for |α0| = 10 cm−1.
Figure 2.5: Schematic representation of mode-locked laser with a ring cavity where uni-
directional counter clockwise lasing is assumed.
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Figure 2.6: Using the McCall and Hahn diagrams from Fig. 2.4 for illustration of the
pulse area evolution. The pulse evolution follows the path G1 → G2 →
A1 → A2 → G3 → G4 → A3 in the gain (along red line) and in the
absorber (along the blue line) sections in z-direction, backward and forward,
correspondingly, which reflects different signs of α in both sections. The
vertical sections of the path correspond to the reflection from the mirror,
when the pulse area decreases.
17
2 Theoretical analysis of coherent mode-locking in lasers
non-ideal mirror and its area is thus reduced. Hence, the working point moves down
vertically from G2 by the distance corresponding to the pulse area decrease caused by
the reflection. Then, moving along the straight line parallel to the horizontal axis one
arrives to the point A1, which now describes the pulse entering the absorber. Evolution
of the pulse in the absorber is described by moving from left to right along the blue
branch until the point A2. Now one returns back to the gain branch in G3. The point
G3 is located above the initial point G1, meaning the overall increase of the pulse area
after the whole cycle.
Now we repeat the cycle by moving from G3 again along the gain curve, arriving to
G4, then descend down to A3 on the absorber curve, and so on. Note that the pulse area
increases because the slope of the gain curve (and its length) is larger than that of the
absorption curve. Finally, after long run the pulse area at the output of the amplifier
and absorber will approach π and 2π, respectively, leading to a stationary pulsating
regime. Note that if we decrease the mirror reflection coefficient strongly enough, or,
alternatively, increase the absorber length, the working point might now move down
every cycle thus tending toward zero, meaning the pulse decay.
Using such an approach one can predict whether a stable limit cycle exists and can
be achieved from an initial pulse with the small area. The appearance of such limit
cycles can be confirmed by numerical simulations. An example of such cycle and its
development is presented in Fig. 2.7. For the exemplary parameters a regime develops
from the initial pulse with the small area Φ0 = 0.001π in 50 round-trips times as shown
in Fig. 2.7a, which approaches the limit cycle depictured separately in Fig. 2.7b.
The difference between the slopes of the amplifier and absorber curves allows us to start
the iteration process from very small pulse areas and approach finally the nonzero limit
cycle. That in particularly means, that an injection of a seed pulse is not always necessary
to achieve the stationary short-pulse regime. This is in contrast to the scheme with
“mixed” absorber and gain used in previous considerations of coherent mode-locking,
where the initial pulse is absolutely necessarily to achieve the pulsed regime.
Nevertheless, if we increase the absorber length, the low-signal limit becomes purely
absorbing, thus requiring injection of a seed pulse to start generation. Fig. 2.7 illustrates
this point. In particular, Fig. 2.8a illustrates the evolution of the pulse area with the
absorber length increased 2 times in comparison to that in Fig. 2.7 and initial pulse area
Φ0 = 0.15π. In this case the system tends to zero pulse area. On the other hand, if one
starts from Φ0 = 0.2π, the system approaches a nonzero limit cycle after 7 round-trips,
as shown in Fig. 2.8b.
Using the area theorem Eq. (2.4) one can easily obtain the condition of lasing self-
starting for coherent mode-locking. Suppose that the gain and absorber sections have
the lengths Lg, La and the gain (absorption) coefficients α0g and α0a respectively, and
the process starts from a weak pulse with the initial area Φ0 ≪ 1, meaning that the
working point is on the lower part of the red branch in Fig. 2.6. Since in the lower part
of the branches Φ ≪ 1, tan(Φ) ≈ Φ, the area theorem Eq. (2.4) can be rewritten in the
form:
Φ ≈ Φ0e−α0z/2. (2.5)
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Figure 2.7: Evolution of the pulse area Φ in the absorber and gain medium (a) from the
initial value Φ0 = 0.001π to a limit cycle (b) in a ring cavity geometry. The
blue and red curves corresponds to the pulse propagation in the absorber
and gain sections, correspondingly.
Figure 2.8: Evolution of the pulse area Φ in the ring cavity geometry for large length of
the gain section. The evolution starts from the point 1, which corresponds
to Φ0 = 0.15π in (a) and Φ0 = 0.2π in (b). In the former case, the system
approaches zero, whereas in the later one it moves toward a nonzero limit
cycle.
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Assume that a seed pulse with the initial area for gain medium Φ0B ≪ 1 starts propa-
gating in the amplifier at the point B, see Fig. 2.5. At the output of the gain section
(point C) the pulse area according to Eq. (2.5) will be
ΦC = Φ0Be
α0gLg/2.
Since only the part of the radiation is reflected from the mirror 1, the initial pulse area
for absorber (point A in Fig. 2.5) is given by ΦA = RmdΦC , where md = d12a/d12g the
ratio of absorber/gain dipole moments. After passing through the absorber (point B)




In order to self-start the lasing one must have ΦB ≥ mdΦ0B . This condition can be
rewritten in the form:
Reα0gLg/2e−α0aLa/2 ≥ 1. (2.7)
With the help of the diagrams introduced above (and Fig. 2.3 where the MCall and
Hahn solution is illustrated) we will now analyze the situation, when the ratio of the
dipole moments is not equal to two. First, we consider the case when md < 1. The
corresponding diagram for md = 0.5 is shown in Fig. 2.9a. In this case the limit cycle
is realized with the branch 1g of the amplifier and 1a of the absorber. On the amplifier
branch, the pulse with the area tending to π is formed, whereas the absorber will decrease
the pulse area. Because of the energy conservation, decrease of the pulse area means
that the pulse envelope must change its sign. Thus, the generated pulse must have at
least one point of zero intensity. Experimental observation and theoretical study of such
zero-area (0π) formation in the absorber medium was presented in [113, 114].
In the example presented in Fig. 2.9b we set md = 1.5. In this case, the branch
1g of amplifier and one of the branches 1a or 2a of the absorber can take part in the
generation. A limit cycle formed with 1g and 2a has the following feature: when moving
along 2a, the pulse area tends to 2π and its duration increases in contrast to the cycle
with 1g and 1a.
The situation when 2 < md < 3, namely, md = 2.5 is shown in Fig. 2.9c. One branch
of the amplifier 1g and one of the three branches of the absorber 1a, 2a or 3a will be
involved in this case. The cycle formed on the branch 3a yields a reduction of the pulse
duration. This happens because the pulse moving from amplifier to absorber has the
area Φ > 2π. During its propagation in the absorber Φ will tend to 2π and the pulse
duration will decrease. Thus, the ratio of the dipole moments influences the duration of
the laser pulse in a coherent mode-locking.
In the situation when md > 3 (not shown) the branch 4a can participate in generation.
On this branch, the formation of radiation with area 4π takes place, which must split
into two 2π pulses which might have different amplitudes and durations. Thus, in this
situation two pulses will arise over a single cavity round-trip.
It is to be remarked that the McHall and Hahn diagrams demonstrated above were
first introduced in the present work and provide a unifying framework allowing better un-
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Figure 2.9: Branches of solution of Eq. (2.2) for an absorber (blue lines) and amplifying
medium for different ratios md. (a): md = 0.5, (b): md = 1.5, (c): md = 2.5.
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derstanding of the passive mode-locking process in the coherent regime. It demonstrates
the stability of the pulsating regimes over the wide range of parameters. Sometimes such
stable pulsations are obtained even without an external seed.
2.3 Fundamental equations for laser model
To study the mechanism of mode-locking in a two-section laser we carry out numerical
experiments based on a set of Maxwell-Bloch equations describing propagation of light
in a two-level medium in a slow-varying envelope approximation for the field and for the
atomic polarization [10, 12, 16, 18, 29, 81, 110, 115, 116].
The set of equations governing its evolution has the form:
d
dt
P±c (z, t) = −
P±c (z, t)
T2
− ∆ωP±s (z, t) −
d12
2~
∆ρ(z, t)B±(z, t), (2.8)
d
dt
P±s (z, t) = −
P±s (z, t)
T2
+ ∆ωP±c (z, t) +
d12
2~
∆ρ(z, t)A±(z, t), (2.9)
d
dt
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−(z, t)P−s (z, t)+ (2.10)
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c (z, t). (2.12)
Equations (2.8)-(2.10) describe the evolution of slowly varying envelopes of two counter-
propagating waves (in-phase P±c (z, t) and quadrature P
±
s (z, t) components) of real and
imaginary parts of non-diagonal element of the quantum mechanical density matrix,
as well as the population difference ∆ρ between the lower and upper energy levels of
the medium. Equations (2.11) and (2.12) govern the evolution of amplitudes (in-phase
A±(z, t) and quadrature B±(z, t) components) of the two counter-propagating optical
waves. The propagation direction is denoted by (+) and (−) respectively. The derivation
of the model equations is given in Appendix A. The equations include parameters of
the two-level system, such as transition dipole moment d12, concentration of two-level
atoms N0, population difference relaxation time T1, polarization relaxation time T2,
carrier frequency of the optical field ω, frequency detuning ∆ω of the radiation field
from transition frequency of the two-level medium ω12, and population difference at the
equilibrium ∆ρ0. For the amplifying medium, ∆ρ0 = −1, for the absorbing medium,
∆ρ0 = 1. We make all these parameters depending on the space coordinate z, so
that these equations can be applied to the description of the gain and the absorbing
medium located in different sections of the cavity. The set of equations (2.8)-(2.12)
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affords sufficiently complete modeling of evolution of extended two-level media in a
cavity, taking into account multi-mode character of radiation and the nonlinear coherent
effects accompanying interaction of the light with the two-level medium. It was also
used in our recent study of lasing without population inversion in a two-level optically
dense medium [117], and spectral condensation phenomenon arising when narrow-band
absorbing medium is placed in the resonator with broad-band amplifying medium [118].
We apply the system of equations (2.8)-(2.12) to analyze the situation when both laser
gain and absorber media are placed in the ring optical cavity in the case of unidirectional
propagation, as well as the case of a linear cavity. In our analysis below we will assume
that resonance frequencies in the gain and absorber are equal to each other and to the
carrier frequency of the electric field, i.e. ∆ω = 0. The simplified system of Maxwell-
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dt
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dt





A+(z, t)P+s (z, t) +A
−(z, t)P−s (z, t)
)
. (2.15)
2.4 Coherent mode-locking in lasers with a ring cavity
In the case of a ring cavity we put in Eqs. (2.8)-(2.12) A−(z, t) = 0, assuming thus
unidirectional propagation and using the notation A+(z, t) ≡ A(z, t). First, we consider
the case when the ratio of the transition dipole moments absorber/gain md = 2. We
perform numerical simulations of the model equations (2.8)-(2.12) for the parameter
values given in Table 2.1 and Table 2.2.
Table 2.1: Parameter values used in the numerical simulations
Parameter Gain Absorber
central wave length of the medium λ12g = 0.7 µm λ12a = 0.7 µm
length of the medium Lg = 0.15 cm La = 0.45 cm
concentration of two-level atoms N0g = 12.5 · 1014 cm−3 N0a = 12.5 · 1014 cm−3
transition dipole moment d12g = 5 Debye d12a = 10 Debye
population difference at equilibrium ∆ρ0a = 1 ∆ρ0g = −1
population difference relaxation time T1g = 0.16 ns T1a = 0.16 ns
polarization relaxation time T2g = 40 ps T2g = 40 ps
Assuming also the initial conditions with the constant amplitude close to non-lasing
solution, we perform numerical simulations showing that after a transition process taking
a few tens of cavity round-trip times, regular sequence of short optical pulses appears.
The pulse-to-pulse period of this pulse train is larger than the cold cavity round-trip
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Table 2.2: To Table 2.1
cavity length L = 0.6 cm
reflectivity of the mirror R = 0.8
initial pulse area Φ0 = 10−10π
time T = L/c = 20 ps. Since we assumed T2g = T2a = 40 ps, which is larger than T and
also an order of magnitude more than the pulse duration (1 ps), the interaction of light
and matter is in coherent regime and accompanied by the formation of pulses with the
area close to 2π in the absorber and π in the amplifier.
Fig. 2.10a,b illustrates the spatial distribution of A(z), ∆ρ(z) and Ps(z). In Fig. 2.10a
the laser pulse passes through the absorber whereas in Fig. 2.10b it is located in the
amplifier (the pulse moves from left to right during the propagation). Fig. 2.10 shows
the pulse at the time moment close to the 100th round-trip after the beginning of the
numerical simulations, when the stable pulsing regime is already established. At the
leading edge of the pulse the population difference ∆ρ decreases until the value close
to −0.8. Ps > 0 in this interval, hence, absorption of the radiation takes place. At
the trailing edge Ps < 0, and the population difference increases and is recovered to its
initial value. The absorber starts to radiate, returning energy to the trailing edge of the
pulse. Thus the pulse shown in Fig. 2.10 has all the features of the SIT one.
After passing through the absorber the pulse propagates in the amplifier, see Fig. 2.10b.
It can be seen that at the trailing edge of the pulse the population inversion ∆ρ becomes
positive. Ps is, on the other hand, negative, therefore, the medium gives the energy to
the field. The gain medium becomes absorbing after the pulse passage. This behavior
is typical for the π pulse propagating in the amplifying medium.
Fig. 2.10c illustrates the dependence of the pulse area inside the cavity during a
single pass. It is clearly seen that, as it was predicted in the previous section, the
pulse area is close to 2π in the absorber and to π in the gain. A pulse with the area
noticeably smaller than 2π arrives to the entrance of the absorber and then its area
rapidly grows. Interestingly, the pulse area in the amplifier increases somewhat but
then start to decrease. The initial increase above the value of π is because of the
finite relaxation time of the media. The subsequent decrease is due to self-stabilization
mechanism of the π-pulse area.
Fig. 2.10d shows the distribution of the electric field amplitude A(z) in the cavity over
four round-trips. It demonstrates one more feature of the pulse propagation inside the
cavity, namely that the pulse velocity in the absorber is smaller than in the amplifier,
which manifests itself in a bend of the pulse propagation trajectory on the boundary
between the absorber and amplifier.
Another important feature should be mentioned in this case. The spectrum of the
laser generation is much broader than the width of the gain (absorption) profile since
pulse duration τp ∼ 1 ps is smaller than medium coherence time T2g = T2a = 40 ps in this
case. This can be seen from Fig. 2.11a,b, where the time dependence of the output field
intensity |A|2 and its spectrum together with the Lorentzian gain and absorption line
24
2.4 Coherent mode-locking in lasers with a ring cavity
Figure 2.10: (a), (b) Distribution of the electric field amplitude A(z) in the cavity (red
line), Ps(z) (blue line) and population difference ∆ρ(z) (black line) when
pulse is located in the absorber (a) and in the gain (b) sections. (c) Evolu-
tion of the pulse area in the cavity during one round-trip. (d) Distribution
of the electric field amplitude A(z) field in the cavity. The parameter values
given in Table 2.1 and in Table 2.2.
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shapes are plotted. In the usual passive mode-locking theory the situation is different —
the pulse duration is determined by the bandwidth of the gain medium. Also, it is seen
from Fig. 2.11b that the pulse repetition frequency is smaller than cold-cavity one (50
GHz) because of the fact that pulse in the absorber propagates with the velocity smaller
than c. In the amplifier π-pulse propagates with the velocity of light c.






























Figure 2.11: (a) Time dependence of the output field intensity. (b) Its spectrum (red)
and normalized Lorentzian gain and absorption line shapes (blue) for the
example illustrated in Fig. 2.10.
Fig. 2.10b shows that the value of polarization in the absorber after the pulse passage
is not equal to zero due to the fact that some of the pulse energy is left in the absorber
[28]. It changes its sign along the medium and has relatively large value resulting in an
additional light emission by the absorber. This is so-called "coherent optical ringing"
of the field and polarization [119]. Coherent ringing creates radiation that propagates
in the direction of the amplifier. However, immediately after the passage of the pulse
the amplifier is still absorbing, resulting in attenuation of this radiation. Besides, the
radiation remaining in the absorber will affect the propagation of the pulse when it
appears in the absorber again. This fact can be seen from our simulations on the
behavior of the pulse area in the absorber (see Fig. 2.10c), which is non-monotonic. One
can see an increase of such “jitter” with the increase of the absorber length. On the
other hand, the effect of coherent ringing decreases with decrease of T2. Note that such
“noise of polarization” created by a laser pulse in the absorber is characteristic for the
coherent mode-locking. And its influence on the coherent mode-locking regime we report
for the first time. Numerical simulations for the case of mixed gain and absorber in the
soliton laser shows a large value of such ringing. A detailed quantitative analysis of the
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impact of coherent ringing on the pulse dynamics is a subject of a separate study and is
not considered in this thesis.
The example presented above demonstrates the existence of coherent mode-locking in
a ring optical laser geometry with unidirectional lasing and the gain spatially separated
from absorber, in contrast to previous works. One of the most important parameters
influencing the dynamics is the time relaxation of polarization in the gain and absorber.
In the example shown in Fig. 2.10 T2a = T2g = 40 ps. Our numerical simulations show
that the regime of short optical pulses is preserved if these times are independently
varied from 2 ps until 50 ps. Influence of the relaxation time T2 = T2g = T2a on the
pulse parameters in the coherent mode-locking regime is shown in Fig. 2.12, where the
half-width pulse maximum duration τp, its peak intensity Ip, and energy density W is
shown in the steady state regime after 100 round-trips times.
τ
Figure 2.12: Dependence of the pulse duration τp (a), the peak intensity Ip (b) and
energy density of the pulse W (c) on the polarization relaxation time T2 =
T2g = T2a. Other parameter values are as in Table 2.1 and Table 2.2.
It is seen from Fig. 2.12 that the pulse duration increases with the decrease of T2,
whereas the peak intensity and the energy density decreases. This behavior can be
explained by the fact that with decrease of the ”phase memory time” T2 the part of the
energy transferred to the absorber at the leading edge and coming back at the trailing
edge decreases, which in turn influences the gain. The behavior of the pulse area in the
cavity under different values of T2 is further illustrated in Fig. 2.13. One can see that
this dynamics is quite similar for very different values of T2.
Fig. 2.14 presents the dependence of the pulse duration τp (a), peak intensity Ip (b)
and pulse energy density W (c) on the ratio of the dipole moments of the absorber and
amplifier md. We see that with increasing of d12a the pulse duration decreases from 1.35
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Figure 2.13: Dependence of the pulse area in the cavity Φ under different values of T2 =
T2g = T2a. (a): T2 = 4 ps, (b): T2 = 8 ps, (c): T2 = 12 ps, (d): T2 = 16 ps.
Other parameter values are as in Table 2.1 and Table 2.2.
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ps to 200 fs. This leads to the increase of the peak intensity approximately 4 times, thus
keeping the pulse energy approximately constant, see Fig. 2.14c. Numerical simulations
were performed using the parameter values T2g = 20 ps, N0g = N0a = 18 · 1014 cm−3.
Other parameter values are as in Table 2.1 and in Table 2.2.
τ
Figure 2.14: Dependence of the pulse duration τp (a), the peak intensity of the pulse Ip
(b) and energy density of the pulse W (c) on the ratio of the dipole moment
of the absorber and gain medium md. T2g = 20 ps, N0g = N0a = 18 · 1014
cm−3. Other parameter values are as in Table 2.1 and Table 2.2.
Let us consider the case when the ratio of the dipole moments of the absorber/gain
md < 1. In this case, according to the area theorem, the pulse area in the absorber must
tend to zero. The example of the numerical simulations of the model equations (2.8)-
(2.12) when d12a = 2.5 Debye (md = 0.5 < 1) with other parameters are as in Table 2.1
is given in Fig. 2.15. Fig. 2.15a illustrates the distribution of the pulse amplitude in the
different parts of the cavity. In particular, in the absorber, according to the area theorem,
the pulse area tends to zero and increases to π in the gain section, see Fig. 2.15b. Our
numerical simulations indicate that there are two pulses with different values of the peak
intensity for one round-trip time at the output from the gain medium, see Fig. 2.15c.
Finally, let us consider the case when the ratio of dipole moments md > 3, namely
md = 4. In this situation McCall and Hahn diagrams predict appearance of two pulses.
Fig. 2.16 illustrates the results of numerical simulations when d12a = 20 Debye with
other parameters are as in Table 2.1. Generation has the form of a periodic train of
pulse pairs, one for each cavity round-trip time, see Fig. 2.16c. The pulse area in the
absorber is close to 4π and tends to π in the gain section as shown in Fig. 2.16c.
In conclusion, numerical experiments using the system of Maxwell-Bloch equations in
the slowly varying envelope approximation shows the presence of a stable coherent mode-
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Figure 2.15: Evolution of the electric field amplitude in the cavity A(z, t) (a), Depen-
dence of the pulse area Φ(z) inside the cavity (b) and the temporal de-
pendence of the output intensity |A|2 (c) for d12a = 2.5 Debye and other
parameter values given in Table 2.1 and Table 2.2.30
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Figure 2.16: Evolution of the electric field amplitude in the cavity A(z, t) (a), Depen-
dence of the pulse area Φ(z) inside the cavity (b) and the temporal de-
pendence of the output intensity |A|2 (c) for d12a = 20 Debye and other
parameters given in Table 2.1 and Table 2.2.
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locking in a two-section ring-cavity laser with absorbing and amplifying media separated
in space. Mixing of these media, as it was done in the pioneer works in Refs. [30, 31] is
not necessary for the coherent mode-locking to arise. Moreover, in such two-section laser
injection of a seed pulse is also not a necessary condition for the appearance of pulsed
regime. In contrast, self-starting from noise is possible. Remarkably, the width of the
lasing spectrum can be significantly broader than the width of the gain line. Coherent
mode-locking regime is preserved even if the relaxation time of the polarization in the
amplifier and absorber either larger or smaller than the round-trip time of the cavity. In
examples presented above T2 of the media varied from 40 ps to 2 ps at a cavity round-trip
time 20 ps.
We also have demonstrated the influence of the dipole moments absorber/gain ratio
md on the coherent mode-locking regime. In the range 1.5 < md < 3 an increase of md
leads to a decrease of the laser pulse duration. Our numerical simulations indicate that
the coherent mode-locking regime is also possible if md < 1.5 and md > 3. However, in
this case several pulses per cavity round-trip time occur.
2.5 Modeling coherent mode-locking in a laser with a linear
cavity
In the previous sections we considered a two-section laser with a circular geometry. Here
we consider an another scheme namely a linear laser geometry. To perform numerical
simulations, we use the system (2.13)-(2.15) with both propagation directions retained.
There is an important difference between a laser with a linear cavity and a ring one.
In case of a ring cavity (Fig. 2.17a) a pulse coming out of the gain medium passes first
the absorber section and only then reenters the gain. In such a way, some time is gained
for the relaxation processes in the gain section. During this time the gain in the medium
recovers under the action of pumping, and the medium becomes an amplifier again.
Another situation arises in the linear cavity, see Fig. 2.17b. Consider what happens
in the amplifying medium when it almost completely fills the cavity. Assume that a
pulse propagates in the amplifying medium from the point A to B. This pulse, leaving
the point B, is reflected from the mirror and goes back to the point B again. At this
time the gain medium near B has not recovered yet, and thus no amplification arises.
As a result, intensity of the pulse does not increase near the point B. In contrast, near
A the gain has already recovered, so that finally net amplification may still take place
in the amplifier. Amplification around point B will also takes place for the pulse, when
it comes from the opposite direction. As a consequence, the existence of two counter-
propagating pulses is possible in this situation, which is shown in this section by the
means of numerical simulations.
In the numerical simulations we consider a situation when the amplifier section is
placed in the center of the cavity (as Fig. 2.18a but without absorber), and the cavity mir-
rors have the same reflection coefficients. Numerical experiment visualized in Fig. 2.18a
demonstrates a stable self-mode-locking regime with the pulse-to-pulse distance equal
to the half of the cavity round-trip time. The pulse repetition rate is explained by the
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Figure 2.17: Schematic representation of pulse motion in a ring (a) and linear lasers (b).
by m the cavity mirrors are marked.
appearance of pulses in both of the counter-propagating waves.
In order to suppress one of the pulses we may, for instance, introduce an external
modulation of the reflectivity of one of the mirrors with the period close to the cold-
cavity repetition period 2L/c. In this way we introduce elements of active mode-locking.
In this case due to competition between the pulses in the cavity there remains only one
pulse, for which the mirror reflectivity is maximal at the moment of the pulse incidence,
see Fig. 2.18b. The counter-propagating wave can also be suppressed if an absorbing
section is placed between one of the mirrors and the amplifier, as shown in Fig. 2.18c.
The solutions presented in Fig. 2.18 shows that the absorber creates a regime in which
only one pulse propagates in the cavity. The peak amplitude value of this single pulse
is larger and pulse duration is smaller than in the case of two pulses.
One should note that in the situation considered above the laser operates in incoherent
regime, since the laser pulse duration is larger than the medium coherence time T2. In
particular, the population difference does not change its sign (because ΩR · T2g ≃ 1 in
Fig. 2.18). The electric field amplitude A, slow envelope of the imaginary part of the
non-diagonal element of density matrix Ps as well as population difference ∆ρ for the
case given in Fig. 2.18c are shown in Fig. 2.19 for various positions and directions of the
pulse propagation inside the cavity.
One can expect the appearance of coherent mode-locking if we increase significantly the
amplitude of the pulse. For this, we may increase the concentration of the particles in the
amplifier and absorber (and set them equal to each other) and make the dipole moment
of the absorber twice larger than that of the amplifier. The later is very important for
the realization of coherent mode-locking as shown in the previous section. The results
of numerical simulations in such modified system are shown in Fig. 2.20. By changing
the model parameters in this way mode-locking is in the regime of coherent interaction
of light and matter, both in the amplifier and in the absorber.
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Figure 2.18: Results of the numerical simulations of the laser generation with a linear
cavity. On the y-axis is the value of the Rabi frequency ΩR = d12gA/
normalized to T2g. Parameters of the model: cavity length L = 0.6 cm,
length of the gain medium Lg = 0.15 cm, optical wavelength λ = 0.7μm,
reflectivity of the laser mirrors: R = 0.6, T1g = 0.5 ns, T2g = 1 ps, d12g = 5
Debye, N0g = 15 · 1015 cm−3. (a) The stable pulsation regime in the case
when only the gain section is present in the cavity. The period of the pulse
train is 20 ps and equal to the half of the round-trip time. (b) Active mode-
locking due to modulation of the reflectivity of one of the cavity mirrors
with 20 percent depth and the period equal to the cavity round-trip time
(40 ps). The repetition rate of the pulse train is now equal to the one of
external modulations. (c) Passive mode-locking in a two-section laser shown
in Fig. 2.18a. The length of the absorber is La=0.15 cm, and T1a = 0.6 ns,
T2a = 0.5 ps, d12a = 5 Debye, N0a = 5 · 1015 cm−3.
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Figure 2.19: Distribution A(z) = A+(z) + A−(z), Ps(z) = P+s (z) + P
−
s (z) and ∆ρ(z)
in the laser with the linear cavity in the regime of steady-state generation
during a single pass. All the parameters are the same as in Fig. 2.18. (a)
The scheme of the laser. The pulse is shown as it propagates from right to
left and is located in the gain medium (b) and, at the later time moment,
when it propagates from left to right and is located in the absorbing medium
(c). Red arrow indicates the direction of pulse propagation.
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Figure 2.20: Distribution of the electric field amplitude A(z) = A+(z)+A−(z) (red line),
Ps(z) = P+s (z) + P
−
s (z) (blue line) and ∆ρ(z) in the laser with the linear
cavity in the regime of steady-state generation during one pass (λ = 0.7µm,
R = 0.6, T1g = 0.5 ns, T2g = 1 ps, d12g = 5 Debye, Lg = 0.36 cm, T1a = 1 ns,
T2a = 0.4 ps, d12a = 10 Debye, La = 0.22 cm, N0g = N0a = 15 · 1015 cm−3).
In (a) - (f) the consequent stages of the pulse propagation are shown, with
different propagation direction (which is alternated by reflections) and pulse
position in the absorber and amplifier. Red arrow indicates the direction of
pulse propagation.
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Another example of the coherent mode-locking regime is given in Fig. 2.21. In contrast
to the previous case the polarization relaxation time in the absorber T2a and the con-
centration of absorbing particles N0a were increased. Such parameter modifications do
not lead to disappearance of passive mode-locking, but modify the scenario of the pulse
propagation in the cavity in the mode-locking regime and the pulse shape at the output
of the laser. During the evolution the pulse exits the amplifier and enters the absorber
with the area close to 2π (for the absorber), see Fig. 2.21a. Due to the losses at the left
mirror (R = 0.6) during the back trip the pulse propagates in the absorber as a π-pulse.
The leading edge of the pulse loses energy and inverts the medium. Behind the pulse,
coherent polarization begins to emit electromagnetic radiation which is in anti-phase to
the pulse, see Fig. 2.21b. As a result, at the input of the amplifier the pulse has the area
close to zero, see Fig. 2.21c. Propagation of this pulse in the amplifying medium has the
following features: the part of the pulse envelope with a negative sign is amplified not so
efficiently as the leading edge, Fig. 2.21d. In the amplifier the pulse area increases and
tends to π. As a result, at the laser output a train of intense short pulses with a small
burst at the trailing edge is observed. After the reflection from the mirror the pulse area
decreases, but during the pulse propagation in the amplifier it tends to a π pulse again,
see Fig. 2.21e-Fig. 2.21f.
The burst at the trailing edge of the pulse disappears if the reflectivity on the left
facet of the laser is 1. The scenario of the pulse propagation changes in the following
way: from the amplifier to the absorber comes a pulse, which behaves in the absorber
like 2π pulse, see Fig. 2.22a. After the reflection from the left-side mirror the pulse
does not change its area and propagates as a 2π-like pulse in the absorber, Fig. 2.22b.
Due to the finite relaxation time of the absorber the pulse area changes only slightly
during the propagation in the absorber, and the sign change of the field envelope does
not occur, see Fig. 2.22b. Then the pulse propagates in the gain section as a π pulse, see
Fig. 2.22c-Fig. 2.22d. After the reflection from the mirror and propagation through the
amplifying medium (Fig. 2.22e) a π pulse is formed (Fig. 2.22f). This pulse propagates
as a 2π pulse in the absorber and the propagation cycle is repeated again.
In these examples the relaxation time of polarization was very close to the pulse du-
ration (∼ 1 ps). In this situation the coherent mechanism of the light-matter interaction
plays a major role. However, the scenario of pulse formation differs from the case of a
ring laser, considered in the previous section. The particular difference is that the exis-
tence of π (2π) pulses along the whole length of the amplifier ( absorber) is not required
for a passive mode-locking to arise.
Importantly, the examples of the coherent mode-locking presented in this section were
reproduced by us in the large parameter range, in particular for the parameter values
typical for semiconductor, solid states and gas lasers.
Besides, our numerical experiments show that the regime of coherent mode-locking is
preserved if the T2 is larger or comparable with the pulse duration and cavity round-trip
time. In the linear cavity laser, analogously to the ring cavity one, the pulse duration
depends on the dipole moment ratio md. This ratio may influence also the existence
of single or multiple pulses per round-trip time. Thus, the predictions provided by the
McCall and Hahn diagrams are well reproduced by numerical experiments.
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Figure 2.21: (a)-(f) Distribution of the electric field amplitude A(z) (red line), polar-
ization amplitude Ps(z) (blue line) and population difference ∆ρ(z) in the
laser with a linear cavity in the coherent mode-locking regime during a sin-
gle round-trip for different pulse positions and propagation directions for
λ = 0.7µm, R = 0.6, T1g = 0.5 ns, T2g = 1 ps, d12g = 5 Debye, Lg = 0.36
cm, N0g = 15 · 1015 cm−3, T1a = 1 ns, T2a = 1.2 ps, d12a = 10 Debye,
N0a = 18 · 1015 cm−3, La = 0.22 cm. Red arrow indicates the direction of
pulse propagation.
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Figure 2.22: (a)-(f) Distribution of the electric field amplitude A(z) (red line), polar-
ization amplitude Ps(z) (blue line) and population difference ∆ρ(z) (black
line) in the linear cavity laser in the coherent passive mode-locking regime
during a single round-trip for different positions and directions of propaga-
tion of pulse in the gain and absorbing sections. The reflectivity of the left
mirror R = 1. Other parameters are as in Fig. 2.21. Red arrow indicates
the direction of pulse propagation.
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In summary, in this section we demonstrated a possibility of coherent mode-locking
in a two-section linear cavity laser. The particular pulse regimes are quite different from
the ones appearing in the ring cavity laser.
2.6 Conclusions
In this section we summarize the results of the present chapter. We have presented
a theoretical justification of the possibility of coherent passive mode-locking in a two-
section laser, appearing due to the coherent character of light-matter interaction. An
important feature of coherent mode-locking is the possibility to generate short optical
pulses with spectral bandwidth wider than the gain bandwidth of the active medium.
Qualitative consideration of the coherent passive mode-locking based on the area the-
orem of McCall and Hahn and its graphical representation has been performed here. We
developed a diagram technique, allowing to elucidate the resulting regime qualitatively,
in particular to find stable limit cycles in the system. Examples of such stable pulsed
limit cycles have been presented. It has been shown that the regime of the coherent
mode-locking can occur, depending on the parameters, via self-starting, or via an injec-
tion of an external seed pulse. The parameters of the pulses depend heavily on the ratio
of the transition dipole moments of the absorber and the gain media. The duration of
the pulse decreases if this ratio increases. When it is smaller than 1 or more than 3,
multiple pulses on a single cavity round-trip arise.
To perform numerical experiments, a model of a two-section laser has been developed,
which is based on Maxwell-Bloch equations in the slowly varying envelope approxima-
tion. The results of numerical experiments have demonstrated the existence of coherent
mode-locking regimes in a two-section laser with a ring or linear cavity in a wide range
of parameters. The regime of coherent mode-locking can be realized in semiconductor
lasers, solid-state or gas lasers. The results of the numerical simulations show also that
certain amount of energy is saved in the absorber in between the pulse passages, allow-
ing for complicated pulse-to-pulse dynamics. The scenarios of coherent mode-locking
which have been considered in this chapter differ from those previously proposed in the
literature. In particular, to realize stable coherent mode-locking regime in a two-section
laser the injection of an external seeding pulse has been shown to be unnecessary. Our
numerical simulations show also that the coherent mode-locking exists in the lasers with
cavities having low Q factors, unlike the earlier proposal of a soliton laser in [30].
Finally, it is to be mentioned that the effect of SIT was discovered and explained
by McCall and Hahn more than 40 years ago. However, the SIT has not found up to
now significant applications in photonics because of high powers and high instrumental
precision needed for this technique. From the practical point of view, the incoherent
mode-locking schemes have been up to now superior over coherent ones. Nevertheless we
believe that implementation of the coherent mode-locking in two-section lasers proposed
here allows to overcome the fundamental limits of the “classical” mode-locking techniques
and to use such lasers as sources of ultrashort pulses with high repetition rate.
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mode-locking in semiconductor lasers
In the following chapter the theoretical modeling of hybrid mode-locking in semiconduc-
tor lasers is considered.
3.1 Hybrid mode-locking
Due to the presence of noise sources, pulses emitted by PML lasers usually exhibit
a considerable timing jitter that can be of the order of 10 ps for 40-GHz PML lasers
[120]. An effective method for suppressing this jitter down to hundreds of femtoseconds is
based on hybrid mode-locking (HML) which is a combination of active and passive mode-
locking techniques. In hybrid mode-locked lasers the reverse bias applied to the saturable
absorber (SA) section is modulated at the frequency fM close to the pulse repetition
frequency fP of the free-running PML laser [37–42]. A schematic representation of a
hybrid mode-locked laser is given by in Fig. 3.1.
Figure 3.1: Schematic representation of a hybrid mode-locked semiconductor laser. Ex-
ternal radio frequency voltage modulation is applied to the saturable ab-
sorber section.
When the frequency detuning δf = fM − fP becomes sufficiently small, the pulse
repetition frequency synchronizes to the frequency fM of the external modulation. The
interval of detunings δf , where this synchronization takes place is usually referred to as
the locking range.
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Experimental studies of HML were performed in different types of semiconductor
lasers, see Refs. [40–42, 121, 122]. In Ref. [121] hybrid mode-locking was achieved
in quantum dot lasers. Experiments provided in Ref. [40, 41, 121] demonstrated a
significant reduction of the pulse jitter using HML down to hundreds of fs for mode-
locked quantum dot lasers. In [42, 122] an experimental study of HML in quantum
dot laser with a pulse repetition rate of 40 GHz was reported. It was demonstrated
experimentally in Ref. [122] that HML has a small influence on the pulse shape and
chirp and only leads to decrease of the the pulse timing jitter.
In Ref. [42] an evolution of the locking range with an increase of the external RF
voltage modulation amplitude was investigated experimentally and theoretically. Exper-
imental investigations provided in Ref. [42] were performed using a monolithic 40-GHz
two-section quantum dot laser diode with total length of 1 mm. The saturable absorber
length was 1/10 of the total length. Modulation voltage applied to the SA section had
a harmonic form and contained DC component of the reverse bias applied to the SA
section. The locking range was investigated for different values of injection current in
the gain section and reverse bias applied to the absorber section. The frequency of the
external voltage fM was varied around the pulse repetition frequency of the PML laser
fP . Locking was observed when the frequency fM ≈ fP . It was demonstrated experi-
mentally that the locking range increases almost linearly with the modulation amplitude
and exhibits a strong asymmetry with respect to the frequency fP .
The theoretical study of the HML performed in Ref. [42] was based on the set of
delay differential equations describing the dynamics of a quantum dot mode-locked laser
taking into account the carrier exchange between carrier reservoir and discrete levels
in quantum dots, see Ref. [123]. Numerical simulations showed qualitative agreement
with the experimental data. It was demonstrated theoretically that for sufficiently large
values of modulation amplitude the locking range is strongly asymmetric with respect
to the frequency fP . It was reported in Ref. [42] that this asymmetry is related to the
nonlinear dependence of the pulse repetition frequency on the modulation amplitude.
Detailed analysis of the possible reasons for this asymmetry will be performed in this
chapter (see Section 3.7).
The dependence of the locking range on the reverse bias applied to the SA section
was also studied experimentally in [42]. It was found that the locking range increases
linearly with modulation amplitude for all values of the reverse bias applied to the
absorber section. When reverse bias was varied between -4 to -8 V the locking range
decreases with the bias. Further increase of negative bias up to -10 V leads to increase
of the locking range, i.e. locking range has parabolic dependence on the reverse bias.
In this chapter we perform a detailed theoretical analysis of hybrid mode-locking in
semiconductor lasers. Our analysis is based on a set of three delay differential equations
describing time evolution of the field amplitude, saturable gain, and saturable absorp-
tion. In our analysis we will use the system of delay differential equations derived in
Refs. [100–102]. We present numerical estimates of the locking range width of a funda-
mental mode-locking regime (where pulsation frequency fP is close to the inverse cavity
round-trip time) for three different cases of harmonic voltage modulation. In addition
to the standard case, where the frequency of the external modulation is close to the
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pulse repetition frequency, fM ≈ fP , we consider the cases when the frequency of the
external signal is close to second-harmonic of the frequency fP , fM ≈ 2fP , [second har-
monic modulation (SHM)] and to half of the frequency fP , fM ≈ fP /2, [half frequency
modulation (HFM)]. Our simulations show that in the standard and SHM cases the
locking regions grow almost linearly with the modulation amplitude a and have nearly
the same width. In contrast to that, the HFM provides a smaller and strongly nonlinear
locking region. In Section 3.5 we perform an asymptotic analysis of model equations
and obtain estimates for the locking range width at small modulation amplitudes. We
demonstrate that these estimates are valid at moderate and even large modulation am-
plitudes not only for standard, but also for SHM hybrid mode-locking and analyze the
impact of different laser parameters on the locking range. In Section 3.7 we discuss the
possible reasons of the asymmetry of the locking regions. We show that this asymmetry
can be related to the dependence of the pulse repetition frequency on the modulation
amplitude. Finally, in Section 3.8 we discuss the results of experimental investigations
which provide evidence of HFM hybrid mode-locking in a 20-GHz quantum dot laser. In
line with theoretical predictions these results demonstrate that the HFM hybrid mode-
locking region is sufficiently smaller than that of the standard case. Experiment was
performed at TU Berlin by Dejan Arsenijević. The majority of the results presented in
this chapter below were published in own publication, Ref. [87]:
R. Arkhipov, A. Pimenov, M. Radziunas, D. Rachinskii, A. G. Vladimirov, D. Arseni-
jević, H. Schmeckebier, and D. Bimberg. Hybrid mode-locking in semiconductor lasers:
simulations, analysis and experiments, IEEE Journal of Selected Topics in Quantum
Electronics, Vol. 19, p.100208, 2013 c© 2013 IEEE.
3.2 Theoretical model
To study the dynamics of two-section hybrid mode-locked semiconductor lasers, we use
a dimensionless system of delay differential equations (DDE) describing unidirectional
lasing in a ring PML laser. The DDE model governs the time evolution of the com-
plex optical field amplitude A(t) at the entrance of the absorber section as well as the
saturable gain G(t) and saturable absorption Q(t) functions in the gain and saturable








(1−iαg)G(t−T )−(1−iαq )Q(t−T )
2 A(t − T ), (3.1)
dG
dt












Here αg and αq are the linewidth enhancement factors in the gain and absorber sections,
respectively, the delay parameter T is equal to the cold cavity round-trip time, γ is the
spectral filtering bandwidth, κ is the attenuation factor describing linear non-resonant
intensity losses per cavity round trip, and s is the ratio of the saturation intensities in
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the gain and absorber sections. The pump parameter g0 is proportional to the injection
current in the gain region, q0 is the unsaturated absorption parameter, γg and γq are the
relaxation rates of the gain and the saturable absorber, respectively. The parameters
used in simulations were similar to those in Ref. [42] used for simulations of 40 GHz
PML laser. Without the loss of generality, by scaling the time variable, the cold cavity
field round-trip time T in the Eq. (3.1) was set to unity. Typical values of the model
parameters are given in Table 3.1. In our simulations and analysis, we first start with
the simplest case of zero linewidth enhancement factors, αg,q = 0. The case of non-zero
linewidth enhancement factors αg, αq in the gain and absorber sections will be considered
in the Section 3.6.
Table 3.1: Typical parameter values used in simulations
cold cavity round-trip time T 1
linewidth enhancement factor in the gain section αg 1.7
linewidth enhancement factor in the SA αq 1
spectral filtering bandwidth γ 37.5
non-resonant field intensity attenuation factor
per cavity round-trip
κ 0.3
pump parameter g0 1.25
unsaturated absorption q0 2
gain relaxation rate γg 0.025
SA relaxation rate γq 2.5
ratio of gain/absorber saturation intensities s 10
Following Refs. [42, 124], we assume that the reverse bias modulation affects only
the SA absorber relaxation rate γq. Therefore, in the model equation (3.3) this rate
is multiplied by the factor 1 + aF (t). The function F represents a periodic voltage
modulation (VM) with the frequency fM and the modulation amplitude a.
3.3 Locking regions in a parameter plane
In this section we describe the results of numerical simulations of the domains of hybrid
mode-locking where the pulse repetition frequency is locked to the frequency of the
external harmonic modulation.
First, we integrated numerically the model equations (3.1)-(3.3) with the parameter
values given in Table 3.1 and zero amplitude of the voltage modulation (a = 0). As a
result we obtained the passive mode-locking pulsations with pulse repetition frequency
fP ≈ 0.9723.
Next, we studied the case when modulation of the SA reverse bias take the harmonic
form:
F = F0(t) = cos (2πfM t) , (3.4)
where the frequency is fM = fP + δf and δf is a small frequency detuning. Let us
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describe the procedure we used in order to calculate the width of the locking range
for a fixed value of modulation amplitude a > 0. For each value of the frequency
detuning δf from some interval we performed a long-term numerical integration of the
model equations (3.1)-(3.3) taking the solution calculated at the previous value δf as
the initial condition.
δ δ
Figure 3.2: Numerical estimate of the locking range of a hybrid mode-locked laser. (a):
Local maxima of the intensity time trace and (b): 1/fM -periodic stroboscopic
map points of emitted field intensity at fixed modulation amplitude a = 0.5.
In the locking range all mode-locked pulses have the same peak intensity at
fixed given δf . (c): Locking tongue in the plane of two parameters: frequency
detuning δf and modulation amplitude a. Other parameter values are as in
Table 3.1.
The results of numerical simulations are illustrated in Fig. 3.2(a,b). Fig. 3.2a shows
the local maxima of the laser field intensity time trace for the 200 last time units of the
integration interval versus δf . When detuning |δf | is sufficiently small we observe locking
of the pulse repetition frequency to the frequency of the external modulation fM . The
resulting hybrid mode-locking regime is strictly 1/fM - periodic and all the recorded field
maxima at a fixed δf have the same value. On the other hand, for frequency detuning
outside of the locking interval, we observed irregular or quasi-periodic dynamical regimes
in the numerical simulations. This case corresponds to the multiple intensity peak values
(cloud of points) for each value of the corresponding frequency detuning δf . In Fig. 3.2b
we present the optical field component of the stroboscopic map for each δf . Here, for
all considered values of detuning δf we have collected the field intensities separated
from each other in time by the interval 1/fM . Once locking is achieved and the pulse
repetition period is equal to 1/fM , all stroboscopic map points have the same value.
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Outside of the locking region, multiple values of this map at a given δf are observed
in the numerical simulations. Both diagrams in Fig. 3.2(a,b) were used to estimate the
locking interval (locking range) boundaries.
By estimating the locking range at different values of the modulation amplitude a we
obtain the domain of HML (the locking tongue) in the two parameter plane δf and a,
see Fig. 3.2(c). One can see that the locking range increases almost linearly with the
modulation amplitude a.
3.4 Second-harmonic and half frequency modulations
In this section we consider the cases when the external modulation frequency fM is close
either to the second harmonic of the frequency fP , i.e., δf = fM/2 − fP ≪ fP , or to the
first subharmonic of this frequency, δf = 2fM − fP ≪ fP . We show that in both these
cases the pulse repetition frequency can be synchronized with the external modulation.
Typical examples of the second-harmonic modulation (SHM), half frequency modulation


























Figure 3.3: Hybrid mode-locked regimes for modulation amplitude a = 0.5 and (a):
fM = 1.945 ≈ 2fP , (b): fM = 0.48625 ≈ fP/2, and (c): fM = 0.9725 ≈ fP .
Other parameter values are as in Table 3.1. Black solid, blue dashed, and red
dash-dotted curves in the upper panels represent the field intensity |A(t)|2,
gain G(t), and absorption Q(t), respectively. Solid blue curve in the lower
panels represents the time dependence of the modulation function F (t) (3.4).
In all the cases shown in Fig. 3.3 the frequency detuning δf is small and the pulse
repetition frequency is close (or equal) to the fP . In the case of standard modulation
[panel (c)] and SHM [panel (a)] the period of the mode-locked solution is close to the
pulse repetition period 1/fP of the free-running PML laser. In the case of SHM this
46
3.5 Asymptotic analysis
period contains exactly two modulation cycles of the function F (t), see the blue solid
curve in the lower panel of Fig. 3.3(a). In contrast to this, in the case of HFM we have
1/fM ≈ 2/fP . Therefore in this case, the exact period of hybrid mode-locked solution is
also approximately two times larger than 1/fP and contains a pair of slightly different
mode-locked pulses, see Fig. 3.3(b), where the difference between the two consequent
pulses can be better seen in the time-trace of the saturable absorption Q(t) (red dashed-
dotted curve) and Fig 3.4. Since the external modulation gives rise to a difference in
the peak values between two subsequent pulses, this difference will increase with the
modulation amplitude a.
Figure 3.4: Local maxima of the intensity timetrace. Modulation amplitude a = 0.5. In
HFM case locking range is characterized by a pair of slightly different pulse
maxima. Other parameter values are as in Table 3.1.
Fig. 3.5 shows the domains of HML (locking tongues) in the plane of two parameters:
frequency detuning δf and modulation amplitude a, for all the three cases mentioned
above. One can see from Fig. 3.5 that the locking range of the standard modulation
and the SHM have almost equal widths, and the locking tongues are nearly symmetric
with respect to δf = 0. On the other hand, the locking tongue corresponding to the
HFM case is located within a significantly smaller and strongly asymmetric domain.
Moreover, the numerically calculated boundaries of this locking tongue are strongly
nonlinear. Therefore, it is difficult to calculate numerically this quite narrow locking
range when modulation amplitude a is small. Such nonlinear dependence of the locking
range on the modulation amplitude is typical for the subharmonic resonance 1:2 [125].
A similar behavior of the HML domains was found in the case of non-zero linewidth
enhancement factors, αg = 1.7, αq = 1.
3.5 Asymptotic analysis
Here, using a perturbative approach, we derive an analytical expression for the locking
range width δfLR in the case of a weak harmonic modulation of the absorber relaxation
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δ
Figure 3.5: Domains of hybrid mode-locking in the plane of two parameters: frequency
detuning and modulation amplitude. Red dashed-dotted, blue dashed, and
solid black curves represent boundaries of standard, SHM, and HFM hybrid
mode-locking in the case of αg = αq = 0. Other parameter values are as in
Table 3.1.
rate with the frequency fM = fP + δf , δf  fP . We consider the situation when for
zero modulation amplitude a = 0, the model (3.1)-(3.3) has a fundamental mode-locking
solution
A(t) = A0(t)e
iΩt, G(t) = G0(t), Q(t) = Q0(t), (3.5)
where A0(t), G0(t), and Q0(t) are periodic functions with the period T0 = 1/fP close
to 1 and the value of Ω depends on the linewidth enhancement factors in the gain and
absorber sections, αg and αq.
For nonzero modulation amplitudes a the time shift invariance A(t) → A(t + t′),
G(t) → G(t + t′), Q(t) → Q(t + t′) of the model equations Eqs. (3.1)-(3.3) is broken
and a synchronization of the pulse repetition frequency fP to the external modulation
frequency fM can take place. When the frequency detuning δf = fM − fP is sufficiently
small, the hybrid mode-locking regime with the pulse repetition frequency fM can ap-
pear. We use perturbation analysis to estimate the width of the locking range δfLR at
small modulation amplitudes a  1. This perturbation analysis is based on the method
of multiple time scales [87, 105, 126]. We introduce two time scales τ0 = t and τ1 = at
with operators of differentiation D0 = ∂∂τ0 and D1 =
∂
∂τ1
. Time derivatives are given by:
dA
dt = D0A + aD1A,
dG
dt = D0G + aD1G and
dQ
dt = D0Q + aD1Q.
We are looking for the solutions of Eqs. (3.1)-(3.3) in the form: A(t) = A0[τ0 +
θ(τ1)]eiϕ(τ1)+aA1[τ0+θ(τ1), τ1]eiϕ(τ1)+..., G(t) = G0[τ0+θ(τ1)]+aG1[τ0+θ(τ1), τ1]eiϕ(τ1)+
..., and Q(t) = Q0[τ0 + θ(τ1)] + aQ1[τ0 + θ(τ1), τ1]eiϕ(τ1) + ..., where A1, G1, Q1 are the
small perturbations, and θ and ϕ are slowly varying functions of time. By substitut-
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ing these expansions into Eqs. (3.1)-(3.3) and collecting first order terms in the small
parameter a, we obtain an inhomogeneous linear equation for the real vector of small
perturbations δψ =
(
ReA1, ImA1, G1, Q1
)t (superscript t denotes transposition):
− d
dt
δψ + L(t)δψ + M(t − T )δψ(t − T ) = F(t). (3.6)
Using the following notations Ar0 = ReA0, Ai0 = ImA0 Jacobian matrices L and M







−γ Ω 0 0
−Ω −γ 0 0
−2e−Q0(eG0 − 1)Ar0 −2e−Q0(eG0 − 1)Ai0 −γg − eG0−Q0|A0|2 e−Q0(eG0 − 1)|A0|2
















2 cosα 2 sinα M13 M14
−2 sinα 2 cosα M23 M24
0 0 0 0







where α = (αgG0 − αqQ0)/2 + ΩT , M13 = (Ar0 + αgAi0) cosα + (Ai0 − αgAr0) sinα,
M14 = −(Ar0 +αqAi0) cosα− (Ai0 −αqAr0) sinα, M23 = −(Ar0 +αgAi0) sinα+ (Ai0 −
αgAr0) cosα, M24 = (Ar0 + αqAi0) sinα− (Ai0 − αqAr0) cosα.
The homogeneous Eq. (3.6) with F(t) = 0 has two vector solutions χϕ and χθ asso-
ciated with the phase shift A → Aeiφ, G → G, Q → Q and time shift A(t) → A(t+ t′),
G(t) → G(t+ t′), Q(t) → Q(t+ t′) symmetries of Eqs. (3.1)-(3.3) with a = 0. These so-
lutions can be written as [87, 105]: χϕ(t) = (−ImA0, ReA0, 0, 0)t, and χθ = ddtψ0, where
ψ0 = (ReA0, ImA0, G0, Q0)
t. The adjoint neutral vector-functions χ†ϕ(t) and χ
†
θ(t) are
defined as periodic solutions of the adjoint linear problem:
d
dt
δψ† + Lt(t)δψ† + Mt(t)δψ†(t + T ) = 0. (3.9)
These modes satisfy the orthonormalization conditions








′)dt′ = δkj, (3.10)
where j, k = ϕ, θ, and δkj is the Kronecker symbol.
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−( ˙Ar0 + TÄr0 + Tγ ˙Ar0 − ΩTȦi0)D1θ + (Ai0 + TȦi0 + TγAi0 + ΩTAr0)D1ϕ
−(Ȧi0 + TÄi0 + TγȦi0 + ΩTȦr0)D1θ − (Ar0 + T ˙Ar0 + TγAr0 − ΩTAi0)D1ϕ
−Ġ0D1θ




















To calculate the adjoint neutral modes χ†ϕ(t) and χ
†
θ(t) we solve Eq. (3.9) numeri-
cally in reverse time with two linearly independent initial conditions (0, 0, 0.1, 0)t and
(2, 0, 1, 1)t and obtain the solutions Y = (Y1, Y2, Y3, Y4)
t and Z = (Z1, Z2, Z3, Z4)
t. The
desired adjoint functions χ†θ(t) and χ
†
ϕ(t) can be represented as a linear combination of Y










2Y . Using the biorthogonality conditions
Eq. (3.10 )we obtain the coefficients cϕ,θ1,2 :
cϕ1 =
1












〈Y, χθ〉 − 〈Z,χθ〉〈Y, χϕ〉/〈Z,χϕ〉
. (3.15)
According to the Fredholm alternative, the equation Eq. (3.6) is solvable provided its
inhomogeneous part F is orthogonal to the adjoint neutral modes χ†θ and χ†ϕ. Since our
functions are T0-periodic, we can apply inner product in the following way:
〈u(t + θ), v(t+ θ)〉 =
∫ T0+θ
θ




Orthogonality condition 〈χ†ϕ,F〉= 0 leads to the following equation:

















cos (2π(fP + δf)t) (q0 −Q0(t + θ))χ†ϕ4(t+ θ)dt. (3.20)
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cos (2π(fP + δf)(t− θ)) (q0 −Q0(t))χ†ϕ4(t)dt.
After shifting the time variable t → t− θ the expression under the integral in Eq. (3.20)
becomes:
cos(2πfP t+ 2πδft − 2πθfP )(q0 −Q0(t))χ†ϕ4(t), (3.21)
where we have neglected the term θδf in the cos argument using the relation δf ≪ fP .
In the locked state
Θ ≡ 2πδft− 2πfP θ = const, (3.22)
as the frequency of the solution is synchronized to the external modulation frequency.
Therefore, for the locked state we obtain the following equation:










From the orthogonality condition 〈χ†θ,F〉= 0 we get:
















Expressions (3.23) and (3.24) are the system of linear algebraic equations on D1ϕ and
D1θ. Solving this system with respect to the derivatives D1θ and D1φ we find that θ
satisfies the following differential equation:
D1θ = aγq (k1c cos Θ + k1s sin Θ) , (3.25)
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Using Eq. (3.22) and the expression forD1θ from (3.25) we obtain the locking condition
in the form:




1s sin(Θ + φs), (3.26)
where φs ≡ arctan k1ck1s . This condition gives us, finally, the estimate for the width of the
locking range:





It follows from Eq. (3.27) that locking range is proportional to the modulation ampli-
tude a and absorber relaxation rate γq. This proportionality was observed experimentally
and in numerical simulations.
The numerical estimation of the locking range width using asymptotic formula (3.27)
was performed by A. Pimenov and reported in common publication [87]. In Fig. 3.6(a)
we compare the results of this estimate with those obtained by direct integration of
Eqs. (3.1)-(3.3). It is seen that the asymptotic relation (3.27) gives a good approximation
of δLR even for relatively large modulation amplitudes a.
Similar techniques can be used for estimating the locking range in the case of SHM
[Fig. 3.6(b)] considered in the previous section, but not for HFM, since for the latter type
of modulation the dependence of the locking range width on the modulation amplitude
is nonlinear at small a, δfLR = O(a2), see Fig. 3.6(c).
For SHM δf = fM/2−fP ≪ 1 and the period of the locked solution 2/fM is close to 1.
Thus, the only difference in derivation of the locking estimate coefficients k1c and k1s in
Eq. (3.27) occurs due to a different expression for the function F (t) = cos[4π(fP + δf)t)]
in Eq. (3.11) and Eq. (3.20). Similarly to the standard hybrid mode-locking case, the
resulting estimate can be also applied for relatively large a, see Fig. 3.6(b).
3.6 Parameter study
In this section we present the dependence of the ratio δfLR/a characterizing the locking
tongue width on the model parameters. This dependence is illustrated in Figs. 3.7
and 3.8, for different values of the pump parameter g0. These curves were calculated
by asymptotic formula Eq. (3.27). The case of vanishing α-factors is represented in
Fig. 3.7. It follows from Fig. 3.7a that for sufficiently large g0 the locking range is
inversely proportional to the square of the spectral filtering bandwidth, δfLR ∝ γ−2.
Fig. 3.7b illustrates the dependence of δfLR/a on the ratio of saturation intensities s.
One can see that the locking range width is a decreasing function of this parameter. A
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Figure 3.6: Estimation of δLR of the hybrid mode-locked regions as a function of the
modulation amplitude a for (a): standard hybrid mode-locking, (b): SHM
hybrid mode-locking and (c): HFM hybrid mode-locking. Thick solid red
curves show numerical integration of Eqs. (3.1)-(3.3). Thin black dashed
lines show the asymptotic estimates for a ≪ 1. αg = 1.7, αq = 1. Other
parameters are as in Table 3.1.
similar decrease of the locking range takes place with an increase of the linear attenuation
factor κ, see Fig. 3.7c.
Assuming that the bias applied to the SA section affects only the relaxation rate γq we
study the impact of the SA bias on the locking range width by changing γq. Fig. 3.7d
illustrates the increase of locking range with the absorber relaxation rate γq. The similar
increase of the locking range width with the absolute value of the absorber voltage was
found in Ref. [42] where the experimental dependence of the locking range versus the
absolute value of the reverse bias was presented.
Now let us consider the dependence of the locking range width on the linewidth en-
hancement factors in the gain and absorber sections. When these factors are sufficiently
large the mode-locking regime usually breaks up. To avoid this break up, we consider a
laser operation close to the lasing threshold when the pump parameter is small g0 = 1.25.
Fig. 3.8a illustrates the dependence of the locking range on the both linewidth enhance-
ment factors. We see the increase of the locking range with the two linewidth enhance-
ment factors, αg = αq. In Fig. 3.8b αq = 1 was fixed and αg changed. It is seen from
this figure that the locking range remains almost constant with the increase of αg up to
αg ≈ 1.7. When 1.7 ≤ αg ≤ 2 the locking range width starts to increase. At αg ≥ 2 we
observed a disappearance of the mode-locked regime for the chosen parameter values.
Finally, we have found that for nonzero α-factors, αq = 1, αg = 1.7, and g0 = 1.25, the
dependencies of the locking range width on the laser parameters are qualitatively similar
to those shown in Fig. 3.7 corresponding to αg = αq = 0.
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Figure 3.7: Dependence of the ratio δfLR/a on parameters of the model equations (3.1)-
(3.3), αg = αq = 0. Solid black, red dashed, and blue dash-dotted lines
correspond to g0 = 1.25, g0 = 2.0, and g0 = 2.75, respectively. Other





Figure 3.8: Dependence of the ratio δfLR/a on the linewidth enhancement factors αg =
αq (a) and αg with fixed αq = 1 (b). Black solid, red dashed, and blue dash-
dotted lines correspond to g0 = 1.25, g0 = 2.0, and g0 = 2.75, respectively.
Other parameter values are as in Table 3.1.
54
3.7 Asymmetry of the HML regions
3.7 Asymmetry of the HML regions
In this section we discuss possible reasons for the locking range asymmetry, which was
observed experimentally in hybrid mode-locked laser [42]. Up to now we have considered
the harmonic modulation function F = F0 defined by Eq. (3.4). In this case, when
modulation amplitude a is small, the locking tongue was nearly symmetric with respect
to zero detuning. This fact is verified rigorously from the locking condition described by
the Eq. (3.27), where minimal and maximal values of δf corresponding to the lower and
upper locking range boundaries have the same absolute value and differ only by their
signs.
In experiments the absorber voltage modulation is harmonic. This modulation leads
to a periodic change of the saturable absorber relaxation rate γq whose dependence on
the voltage is nonlinear in general. In Ref. [124] an exponential dependence of the carrier
relaxation time on the voltage applied to the absorber section was suggested. Hence, a
realistic profile of the function F differs significantly from the harmonic one. Below in
this section we consider modulation functions given by a sequence of pulses which are
significantly broader or narrower than half of modulation period. An example of such
modulation functions is
F = F±(t) = ±[1 − 2 cos10(πfM t)]. (3.28)
These functions are schematically presented in Fig. 3.9. Note that the analytic expres-
sion defined by Eq. (3.28) containing a cos function was chosen in order to simplify
numerical calculations. The power 10 in (3.28) describes the level of anharmonicity of
the modulation. The choice of this power was rather arbitrary: on one hand, it should
be sufficiently large to introduce a sufficiently strong anharmonicity, on the other hand,
it should not be too large in order to avoid computational problems.
As for the harmonic modulation case (3.4), the period, the maximal value, and the
minimal value of these functions are given by 1/fM , 1, and −1, respectively. However,
the mean values 〈F±〉 = fM
∫ 1/fM
0 F±(t)dt = ± 65128 of the two functions defined by
Eq. (3.28) are not equal to zero, unlike the case of harmonic modulation. Therefore,
the mean value of the absorber relaxation rate γ̄±q (a)
def
= 〈γq(1 + aF±)〉 depends on the
amplitude a.
Locking tongues for the modulation functions (3.28) are shown in Fig. 3.9. The de-
pendence of the pulse repetition frequency of the free-running mode-locked laser on the
saturable absorber relaxation rate, fP = fP (γq) is presented in the inset in this fig-
ure. One can see that the frequency fP is a decreasing function of the relaxation rate.
The dash-dotted lines in Fig. 3.9 show the dependence of the pulse repetition frequency







− fP (γq) . (3.29)
We see that when the amplitude a increases, the dash-dotted lines defined by relation
(3.29) move in the same direction as the locking tongues having these dash-dotted lines
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γ
δ
Figure 3.9: Domains of hybrid mode-locking for pulsed modulation profiles F± defined
by Eq. (3.28). These profiles are shown inside the corresponding tongues.
Dash-dotted curves in the middle of the locking tongues represent frequency
shifts δfP (a) defined by Eq. (3.29). Inset shows the dependence of the pulse
repetition frequency fP of the free-running laser on the absorber relaxation
rate γq. Thick bullet indicates the value of γq used in numerical simulations
of the locking tongues and the corresponding value of the pulse repetition
rate fP (γq) of the free-running laser. g0 = 2.5. Other parameter values are
as in Table 3.1.
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inside. Therefore, one can conclude that the asymmetry of the locking tongues presented
in Fig. 3.9 is related to the dependence of the pulse repetition frequency fP on the mean
absorber relaxation rate, which is changing with the increasing amplitude a of voltage
modulation in the absorber section.
3.8 Experimental evidence of HFM hybrid mode-locking
Here we present the first experimental evidence of subharmonic half frequency voltage
modulation (VM) hybrid mode-locking in a quantum-dot laser Ref. [87]. Experiments
were performed at TU Berlin by D. Arsenijević. The text presented in this section below
is published in a common publication Ref. [87]: R. Arkhipov, A. Pimenov, M. Radziunas,
D. Rachinskii, A. G. Vladimirov, D. Arsenijević, H. Schmeckebier, and D. Bimberg.
Hybrid mode-locking in semiconductor lasers: simulations, analysis and experiments,
IEEE Journal of Selected Topics in Quantum Electronics, Vol. 19, p.100208, 2013 c©
2013 IEEE. The structure is grown by molecular beam epitaxy on an n+-doped GaAs
substrate. The active region contains 10 layers of InAs QDs in a ‘dots-in-a-well’ structure
in order to shift the emission wavelength to 1310 nm. The wafer is processed using dry
etching techniques yielding a 4-µm wide waveguide ridge. For high frequency applications
BCB interlayers are used. The 1985-µm long laser chip consists of a 285-µm long reverse
biased saturable absorber section and a 1680-µm forward biased gain section which
are separated by a dry etched 20-µm gap. While the saturable absorber facet is high-
reflection (99%) coated, the gain section facet is left as cleaved. The electrical spectra
have been measured using a 50-GHz electrical spectrum analyzer in combination with a
high-speed photodetector having a bandwidth larger than 50-GHz.
In the absence of external VM, after selecting appropriate gain section injection current
and absorber voltage, the laser chip demonstrated stable passive mode-locking pulsations
with fP ∼ 20.62 -GHz pulse repetition frequency corresponding to the inverse round-
trip time of the laser radiation in the cavity, see upper RF spectrum in panel (a) of
Fig. 3.10. As is typical for passive mode-locking, the RF spectral line was relatively
broad, indicating a significant timing jitter of the emitted pulses.
In case of hybrid mode-locking a broadband bias tee and probe head were used to
apply a modulated bias to the absorber of the laser chip. The peak-to-peak amplitude
of the modulated voltage was set to 3.2 V (14 dBm), which was the upper limit available
in the experiments. First we consider the case when the frequency fM of the external
VM applied to the absorber section is close to fP . By properly tuning fM hybrid mode-
locking was achieved in a certain locking range. This range is indicated by the horizontal
arrow at the bottom of Fig. 3.10(a). The RF spectra of the hybrid mode-locked laser
are shown in the lower parts of panels (a) and (b) in Fig. 3.10. The wide span of the RF
spectrum (panel (b)) has a spectral peak only at ∼ fP and its second harmonic, and has
no low frequency components which are typical for Q-switched or irregular mode-locking
with modulated amplitudes The narrow span RF spectra (panel (a)) show a significant
improvement of the spectral linewidth, which indicates a considerable reduction of the
pulse timing jitter. It is noteworthy that the frequency fP (peak frequency of the upper
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Figure 3.10: Measured RF spectra of passively and hybrid mode-locked laser. Gain sec-
tion bias current, SA voltage, and peak-to-peak amplitude of VM are 100
mA, -3 V, and 3.2 V, respectively [87]: R. Arkhipov, A. Pimenov, M. Radz-
iunas, D. Rachinskii, A. G. Vladimirov, D. Arsenijević, H. Schmeckebier,
and D. Bimberg. Hybrid mode-locking in semiconductor lasers: simulations,
analysis and experiments, IEEE Journal of Selected Topics in Quantum
Electronics, Vol. 19, p.100208, 2013 c© 2013 IEEE. (a) top: passive mode-
locking; middle: HFM hybrid mode-locking (black) and non-synchronized
state (blue); bottom: standard hybrid mode-locking in the middle (black)
and at the boundaries (red and blue) of the locking range. Thick horizontal
arrows indicate locking ranges in the classical and HFM hybrid mode-locked
cases. (b): large frequency span overview of the standard (above) and HFM




RF spectrum in panel (a)) is located almost at the center of the estimated locking range.
This suggests that in this case the locking tongue is almost symmetric with respect to
fM = fP line in the VM frequency / VM amplitude plane.
Next, fM close to fP/2 ≈ 10.31 GHz was taken. As it can be seen from the upper
curve of panel (b), in this case the RF spectrum demonstrates peaks at frequencies fM ,
fP , and their higher harmonics. A narrow span of the RF spectrum represented by
gray curve in the middle part of panel (a) also indicates the presence of the combination
tone ∼ (fP − 2fM ). The middle part of panel (a) also gives an illustration of the
synchronization between the VM and the passive mode-locking pulsations. The nonlinear
nature of the interaction between optical fields and carriers in the laser cavity together
with a nonlinear dependence of laser parameters on the modulation amplitude [124]
imply the presence of spectral peaks at higher harmonics of the modulation frequency
fM . In the HFM experiments the role of the second-harmonic peak at 2fM is similar to
that of the spectral peak at fM in standard hybrid mode-locking. Namely, for sufficiently
large detuning between the frequencies 2fM and fP both these spectral components are
present in the RF spectra: see blue curve in the middle part of panel (a). As soon as
the frequency separation becomes sufficiently small, the broad spectral peak at fP locks
to the sharp spectral line at 2fM (black curve in the middle part of panel (a)), which
implies the appearance of HFM hybrid mode-locking. Since the amplitude of the second
harmonic of VM at 2fM is smaller than that of the first harmonic at fM , the locking
range in standard hybrid mode-locking is wider than the locking range of a HFM hybrid
mode-locked laser, see black horizontal arrow below corresponding spectra in panel (a),
which is in agreement with our simulations. Furthermore, HFM hybrid mode-locking is
characterized by a smaller height of the sharp spectral peak [compare black spectra at
the middle and at the bottom of panel (a)] and, hence, by a larger pulse timing jitter
as compared to standard mode-locking. We note also that while the pulse repetition
frequency remains close to fP , strictly speaking, the period of the laser intensity time
trace in the HFM hybrid mode-locking state is approximately twice larger than that
in a PML laser, 1/fM ≈ 2/fP . This means that two consequent mode-locked pulses
are slightly different (see also numerical results presented in Fig. 3.3(b) and bifurcation
diagram in Fig 3.4). An increase of the VM amplitude could lead to a larger locking
range, and at the same time to a growth of the difference between a pair of subsequent
pulses.
3.9 Conclusions
We have studied theoretically hybrid mode-locking in a two-section edge-emitting semi-
conductor laser in the framework of DDE model. Dependence of the locking range on the
laser parameters has been investigated numerically and analytically. The voltage mod-
ulation in the saturable absorber section of the device was represented by modulated
carrier relaxation rate in this section. It has been demonstrated numerically that the
locking range increases almost linearly with the increase of the modulation amplitude.
We have shown that the asymmetry of the locking range is related to the dependence
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of the averaged absorber relaxation rate on the modulation amplitude a, which has an
impact on the frequency of the passive mode-locking pulsations.
Analytical estimates of the locking range width have been obtained using an asymp-
totic approach. According to these estimates the locking range in hybrid mode-locked
lasers increases with the decrease of the spectral filtering bandwidth γ and decreases
with the increase of ration of absorber/gain saturations s and field intensity attenuation
per round-trip κ.
Locking tongues, where the pulse repetition rate is synchronized to the frequency of
the external modulation, have been found theoretically for modulation frequencies fM
close to fP (standard hybrid mode-locking), 2fP (SHM hybrid mode-locking), and fP /2
(HFM hybrid mode-locking). Unlike standard and SHM hybrid mode-locking, for which
the dependence of the locking range width on the modulation amplitude a was almost
linear, the locking range of HFM hybrid mode-locking, corresponding to a resonance
1 : 2, is smaller and increases nonlinearly with a.
Finally, we have described experimental evidence of such kind of HFM hybrid mode-
locking in a 20-GHz quantum-dot laser. Similarly to the results of our numerical simula-
tions HFM hybrid mode-locking region is sufficiently smaller than that of the standard
case.
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coherent dual mode optical injection
In this chapter, we study the dynamics of a PML semiconductor laser with dual frequency
coherent optical injection using a delay differential equation model.
4.1 Introduction
An efficient approach to improving the characteristics of pulses emitted by PML lasers is
based on the use of optical injection from a single mode laser. When one of the slave laser
modes is locked to the external single frequency signal, this results in the reduction of the
phase noise and suppression of waveform instabilities and leads to the PML laser’s optical
spectrum narrowing as was demonstrated experimentally in [45, 46, 127]. However,
single mode injection does not allow one to control the repetition rate of mode-locked
pulses [45, 46]. On the other hand, the hybrid mode-locking technique does not affect
the individual line frequency noise [45, 47]. High quality optical frequency combs with
narrow lines and small RF beating noise can be generated by injecting two coherent
tones into PML lasers [43–47]. A schematic representation of a PML laser with coherent
dual mode optical injection is presented in Fig. 4.1. A coherent output from a CW laser
is sent through a Mach-Zehnder amplitude modulator producing two coherent sidebands
with a suppressed carrier frequency. These two sidebands are then injected into the PML
laser. When the frequency separation of two injected frequencies is close to the pulse
repetition frequency of the free-running PML laser, the laser pulse repetition rate is
synchronized to this separation frequency. Semiconductor lasers with dual mode optical
injection were studied experimentally in [44–47]. Experimental study demonstrated a
reduction of the timing jitter, modal optical linewidth, and RF linewidth along with time-
bandwidth product improvement. In Ref. [46, 128] it was demonstrated experimentally
and theoretically that single and dual mode optical injection resulted in optical spectrum
narrowing of the PML laser and a red shifting of optical spectrum in the frequency
domain from the master laser frequency. In the numerical simulations this shift was
observed when the linewidth enhancement factor in the gain section is larger than that
in the saturable absorber section, αg > αq.
The locking regions where the pulse repetition frequency of the laser is synchronized
to the separation frequency between two injected frequencies (RF locking range) were
studied experimentally in Ref. [47]. An InP quantum dash mode-locked laser with
pulse repetition frequency 21 GHz was used for measurements. It was demonstrated
experimentally that the locking range increases linearly with the injection field power.
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Another interesting feature, which was observed experimentally, is that the locking range
width is larger for negative absorber voltages than for positive voltages.
In this chapter we perform a theoretical analysis of the dynamics of a dual mode
optically injected PML laser using a set of delay differential equations similar to that
considered in the previous chapter. We calculate numerically the width of the locking
range as a function of the injected field power and model parameters in the two following
cases. In the first one the frequency separation between two injected frequencies was
varied at vanishing optical frequency detuning, δω = 0, see Fig. 4.1 where the notation
δω is defined. We refer to the locking range obtained in this situation as an RF locking
range since the frequency separation between two injected frequencies varied in this case
is determined by the modulation RF fM of optical modulator, see Fig. 4.1. In the second
situation the locking range was calculated by changing the optical frequency detuning
δω keeping the value of modulation frequency fM constant and equal (or multiple) pulse
repetition frequency of free-running PML laser. We call the locking range studied in
this case the optical locking range since optical frequency detuning δω is changed. We
demonstrate theoretically that optical locking range is wider than RF locking range,
which is in agreement with the experimental data obtained with 10 GHz PML quantum
dot laser.
Finally, for sufficiently small injected field amplitudes we derive an asymptotic for-
mula for the width of the locking range. We demonstrate that this formula is in good
agreement with the results of direct numerical simulations of the model equations. Us-
ing this asymptotic formula we study the dependence of RF and optical locking range
widths on the model parameters. Some results of this Chapter are included in a common
publication [88] which is currently under preparation.
4.2 Model Equations
Our analysis is based on a set of delay differential equations describing the time evolution
of the electric field amplitude at the entrance of the laser absorber section, A(t), saturable
gain, G(t), and saturable absorption, Q(t) in the gain and SA parts of the device,
respectively. In the case of externally injected mode-locked laser this model can be








(1−iαg)G(t−T )−(1−iαq )Q(t−T )
2
+iνA(t − T ) + Ei(t), (4.1)
dG
dt












The parameter ν describes detuning between the central frequency of the spectral filter
and the closest cavity mode. As in the previous chapter the cold cavity field round-trip
time in the simulations T is normalized to 1.
Let us assume that for vanishing injection Ei(t) = 0 the model equations (4.1)-(4.3)
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Figure 4.1: Schematic representation of a passively mode-locked laser with coherent dual
mode optical injection. Radiation from CW master laser passes through
Mach-Zehnder modulator producing two coherent sidebands with a sup-
pressed carrier frequency. The two sidebands are injected into the PML
laser (slave laser). When the frequency separation between the two injected
modes is close to the inverse cavity round-trip time, pulse repetition fre-
quency synchronizes to this frequency separation.
have a linearly-stable fundamental mode-locked solution
A(t) = A0(t)e
iΩt, G(t) = G0(t), Q(t) = Q0(t),
where A0, G0, and Q0 are periodic functions with the period T0 close to the cavity round
trip time T , fP = 1/T0 is the corresponding repetition frequency.
In this chapter we assume that optically injected field Ei(t) is given by
Ei(t) = a cos (πnfM t) ei2πδωt, n = 1, 3, 5, . . . (4.4)
where fM = nfP + δf (δf ≪ 1) is the frequency spacing between two injected tones
(modulation frequency), δf is a small detuning from the pulse repetition frequency
of uninjected laser fP , δω is a an optical frequency detuning that corresponds to the
detuning between the master CW laser frequency and the central mode of free-running
PML laser. It is noteworthy, that it is experimentally possible to change both these
detuning factors, δf and δω.
Note that in this chapter we simulate and analyze the PML lasers with dual-mode
injection (4.4) which is symmetric or almost symmetric with respect to the zero reference
frequency. For example, for ν = π and αg,q = 0 the central frequency of the spectral
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filtering element is located exactly in the middle between two adjacent optical modes of
the PML laser, i.e. Ω = −πfP , see Fig. 4.2a .
4.3 Numerical calculation of the locking regions
In this section we present the results of numerical calculation of the regions where the
dual-mode optical injection entrains the frequency of the PML laser.
We consider a specific case of ν = π. In this situation the spectrum of PML laser is
symmetric with respect the zero frequency detuning when αg = αq = 0. The optical
spectra of the PML laser, that is typically calculated, together with the indication of
the frequencies of optical injection are shown in Fig. 4.2 (for n = 1) and Fig. 4.3 (for
n = 3). Upper and lower panels of these figures correspond to the cases of vanishing
and nonvanishing factors αg,q, respectively. When n = 1, see Fig. 4.2, the frequency
separation between two injected modes fM is close to the pulse repetition frequency fP ,
fM ≈ fP . When n = 3, the frequency fM is close to third harmonic of the frequency
fP , fM ≈ 3fP , see Fig. 4.3.
Δ
Figure 4.2: Spectrum of the free-running PML semiconductor laser (black solid line) and
injection field spectrum (blue line), n = 1, (a): αg = αq = 0, (b): αg = 2
and αq = 1.
To calculate the locking regions of a mode-locked laser with dual frequency injection
we used the same numerical procedure as in our previous studies of hybrid mode-locked
lasers, see Chapter 3. The boundaries of the RF locking range were determined by
changing the RF detuning δf at vanishing optical frequency detuning, δω = 0. Similarly,
the boundaries of the optical frequency locking range were calculated by changing the
value of optical frequency detuning δω at vanishing RF detuning, δf = 0. Fig. 4.4
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Δ
Figure 4.3: Spectrum of the free-running PML semiconductor laser (black solid line) and
injection field spectrum (blue line), n = 3, (a): αg = αq = 0, (b): αg = 2
and αq = 1.
and Fig. 4.5 illustrate the local maxima of the field intensity time-trace |A(t)|2 and the
intensities |A(tk)|2 evaluated at equidistant time moments tk separated by T0 for every
considered δf (δω) when n = 1 and αg = αq = 0.
When the frequencies of the injected field come close enough to modes in the mode-
locking comb, see Fig. 4.2, these modes become locked to the external injection and the
pulse repetition rate becomes equal to fM . In the case when n = 1, the intensity of
the mode-locking regime is strictly periodic with the period 1/fM and all the recorded
intensity maxima have the same value at fixed detuning δω (or δf ). For frequency
detuning outside the locking interval we have observed regimes with irregular or quasi-
periodic pulsed laser intensity, which correspond to multiple intensity maxima at fixed
detunings δω and δf and a cloud of points in Fig. 4.4 and Fig. 4.5 .
By estimating the locking range at different values of the injection field amplitude
a we obtain the locking regions (locking tongues) in the space of three parameters:
RF and optical frequency detuning δf , δω, and the injected field amplitude a. The
boundaries of the two-dimensional RF locking region calculated at the vanishing optical
frequency detuning δω = 0 are shown in Fig. 4.6(a). Similarly, an optical frequency
locking region calculated at the vanishing RF detuning δf = 0 is presented in Fig. 4.6(b).
It can be seen from Fig. 4.6 that the locking ranges grow almost linearly with the
injection field amplitude a. Furthermore, our simulations demonstrate that the optical
frequency locking range shown in Fig. 4.6(b) is about ten times wider than the RF
locking range shown in Fig. 4.6(a). Similar situation was observed experimentally in
Ref. [88]. Solid curves in Fig. 4.6 correspond to the case of zero linewidth enhancement
factors, αg = αq = 0, while the blue dashed curves refer to the case when αg = 2 and
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Figure 4.4: Numerical estimation of the RF locking range of PML semiconductor laser
with dual mode optical injection. (a): Local maxima of the intensity time-
trace and (b): stroboscopic map points of emitted field intensity at fixed
injection field amplitude a = 0.008. On the x-axis is RF detuning δf . Opti-
cal frequency detuning δω = 0, and αg = αq = 0. Other parameters are as
in Table 3.1.
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Figure 4.5: Numerical estimation of the optical locking range of passively ML semicon-
ductor laser with dual mode optical injection. (a): Local maxima of the
intensity timetrace and (b): stroboscopic map points of emitted field inten-
sity at fixed injection field amplitude a = 0.008. On the x axis is optical
frequency detuning δω. RF detuning δf = 0 and αg = αq = 0. Other
parameters are as in Table 3.1.
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δ
δ ω
Figure 4.6: RF locking region at δω = 0 (a) and optical frequency locking region at
δf = 0 (b). Optical injection mode separation factor n = 1. Black solid
curves correspond to αg = αq = 0, blue dashed curves to αg = 2, αq = 1.




αq = 1. One can see from this figure that in the case of vanishing α-factors both optical
and RF locking ranges are symmetric with respect to the zero frequency detuning. On
the contrary, in the case of non-vanishing α-factors (blue dashed lines) locking ranges are
asymmetric and are shifted to larger values of frequency detuning. This asymmetry is
related to the increase of the pulse repetition frequency of free-running PML laser with
the injection amplitude. Similar asymmetry was observed experimentally in a quantum
dot PML laser, see Ref. [88]. Furthermore, it is seen from Fig. 4.6 that while the RF
locking range has approximately the same width for zero and nonzero α-factors, the
optical locking range in the case of non-vanishing α-factors is approximately 3 times
larger than in the case of zero α-factors.
Next, we have simulated the PML laser with a dual-mode injection with the frequency
separation close to 3 · 2πfP [i.e., n = 3 in Eq. (4.4)]. The spectrum of the free-running
PML laser and the two injected frequencies are presented in Fig. 4.3. The boundaries
of the RF locking region calculated at vanishing optical frequency detuning δω = 0 and
the boundaries of the optical locking domain obtained for vanishing RF detuning δf = 0
are shown in Fig. 4.7(a) and Fig. 4.7(b), respectively. One can see from this figures that
both RF and optical locking range have approximately the same values in the case of
vanishing α-factors (black curves in Fig. 4.7(a) and Fig. 4.7(b).) Both locking tongues
are symmetric with respect to the zero frequency detuning, since injection frequencies
are symmetric with respect of it. Also from Fig. 4.7 it follows that the RF locking
range in the case of non-vanishing α-factors is approximately ten times smaller than
the optical locking range, see blue curves in Fig. 4.7(a) and Fig. 4.7(b). These locking
ranges are also asymmetric with respect to the zero frequency detuning. As in the case
n = 1 this asymmetry is related to the dependence of the pulse repetition frequency on
the injected field amplitude and spectral shift of laser modes due to the non-vanishing
α-factors. Comparing Fig. 4.6 and Fig. 4.7 one can conclude that RF and optical locking
ranges have approximately the same width when the frequency separation between two
injected frequencies is close to fP or 3fP and α-factors are nonzero. A similar situation
was observed in the previous chapter in our study of hybrid mode-locked lasers. It was
found in Chapter 3 that when the frequency of the external modulation voltage is close
to fP and 2fP , the size of the locking regions is similar.
4.4 Asymptotic analysis
In this section we derive an asymptotic formula for the RF and optical locking range.
For simplicity, we set ν = π, consider the case of vanishing α-factors, αg,q = 0, and
assume a “symmetric” optical injection (4.4) with n = 1.
Similarly to the asymptotic analysis of the previous chapter we use the method of
multiple time scales assuming small, but nonvanishing injection amplitude a. For this
reason we introduce the “fast” and the “slow” time τ0 = t and τ1 = at, and denote
the corresponding differential operators by D0 = ∂∂τ0 and D1 =
∂
∂τ1
. As in the previous
Chapter we consider the solutions of the model equations (4.1)–(4.3) in the following
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Figure 4.7: RF locking region at δω = 0 (a) and optical frequency locking region at δf = 0
(b). Optical injection mode separation factor n = 3. Black solid curves
corresponds to the case αg = αq = 0, blue dashed curves: αg = 2, αq = 1.
Other parameters are as in Table 3.1.
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G(t) = G0[τ0 + θ(τ1)] + aG
1[τ0 + θ(τ1), τ1]e
iϕ(τ1) + ..., Q(t) = Q0[τ0 + θ(τ1)] + aQ1[τ0 +
θ(τ1), τ1]e
iϕ(τ1) + ... . Then substituting these expansions into (4.1)-(4.3) and collecting
first order terms in the small parameter a, we obtain an inhomogeneous linear equation









δψ1(t) + L(t)δψ1(t) + M(t − T )δψ1(t − T ) = F0(t). (4.5)
Jacobian matrices L and M were considered in the previous chapter [see Eqs. (3.7)-(3.8)]










Ȧ0 + TÄ0 + γT Ȧ0
)
D1θ + a cos[πfM (t − θ)] cos[2πδω(t − θ) − ϕ(τ1)]
−
(
A0 + TȦ0 + TγA0
)











Here we used notations: Ȧ0 = dA0dτ0 , Ä0 =
d2A0
dτ20




The homogeneous Eq. (4.5) with F0 = 0 has two solutions corresponding to the two
symmetries of the free-running laser equations (4.1) - (4.3). One of them corresponds to
the symmetry with respect to time shifts A(t) → A(t+t′), G(t) → G(t+t′), Q(t) → Q(t+
t′), the other with respect to phase shifts A(t) → A(t)eiφ, G(t) → G(t), Q(t) → Q(t),
see Ref. [105] and Chapter 3. Two periodic vectors-solutions of the homogeneous linear
problem Eq. (4.5) are given by [105]:
ψ = (0, A0, 0, 0)
t , χ =
(
Ȧ0, 0, Ġ0, Q̇0
)t
. (4.7)
The solutions of the adjoint problem
ψ† =
(















= γχ†1 + 2e






2 χ†1(t+ T ), (4.9)
dχ†2
dt

























2 ψ†1(t+ T ). (4.12)
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The neutral modes satisfy the following orthonormalization conditions with inner
product defined in the previous chapter, Eq. (3.10): 〈ψ†, ψ〉 = 〈χ†, χ〉 = 1, 〈ψ†, χ〉 =
〈χ†, ψ〉 = 0.
According to the Fredholm alternative, the system of equations (4.5) is solvable if the
right side F0(t) of this system, as a function of τ0 = t, is orthogonal to each of the
adjoint functions ψ† and χ†.
From the orthogonality condition 〈F0(t), ψ†〉 = 0 one can obtain the following differ-




cos[πfM (t− θ)] sin[2πδω(t − θ) − ϕ(τ1)]ψ†1(t)dt, (4.13)




A0 + γTA0 + TȦ0
)
ψ†1(t)dt.





cos[πfM (t− θ)] cos[2πδω(t− θ) − ϕ(τ1)]χ†1(t)dt, (4.14)
















cos(πfP t+ πδf t− πfP θ) cos(2πδωt− 2πδωθ − ϕ)χ†1(t)dt. (4.16)
For simplification, we introduce the new variables Θ and Φ defined by the formulas:
Θ = πδf t − πfP θ and Φ = 2πδωt − ϕ. In the new variables the equations for ϕ and θ
become
D1Φ = 2πδω − ac1
∫ T0
0
cos(πfP t+ Θ) sin(Φ)ψ
†
1(t)dt, (4.17)
D1Θ = πδf − aπfP c2
∫ T0
0
cos(πfP t+ Θ) cos(Φ)χ
†
1(t)dt. (4.18)
Here we neglected the term 2πδωθ since δω ≪ 1. Using the formula cos(α + β) =
cosα cos β − sinα sin β Eqs. (4.17)-(4.18) can be rewritten as:
D1Φ = 2πδω − ac1 [k1c cos Θ − k1s sin Θ] sin Φ, (4.19)



















In the case when the pulse repetition frequency of PML laser is synchronized to the
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frequency separation between externally injected modes, time derivatives of Θ and Φ in
Eqs. (4.19)-(4.20) should be equal to zero: D1Φ = 0, i.e. Φ = Φ0 = const, D1Θ = 0,
i.e. Θ = Θ0 = const. Finally, the equations for the width of RF locking range δf,LR and
optical locking range δω,LR can be written in the form:




[k1c cos Θ0 − k1s sin Θ0] sin Φ0, (4.22)
or in more compact form:











1s cos(Θ0 − α1) sin Φ0, (4.24)
where α2 = arctan
−k2s
k2c
and α1 = arctan
−k1s
k1c
. Since | cos(Θ0 − α1,2)| < 1 when the
optical frequency detuning δω = 0 one can obtain the following estimations for the
half-width of the RF locking range:














One can see from the expressions (4.25)-(4.26) that both RF and optical locking ranges
are proportional to the first power of the injection field amplitude a. This is in agree-
ment with the experimental observations. Using Eqs. (4.25)-(4.26) we calculated the
boundaries of the locking range and compared them with those obtained by numerical
simulations. Equations similar to (4.25)-(4.26) can be obtained for the case n = 3 when
optical frequency separation between two injected frequencies close to 3 · 2πfP , the only
difference being that the term fP in Eq. (4.25) would be replaced with 3fP . The same
replacement would be done in derivation of the coefficients k1c, k1s, k2c and k2s .
In Figs. 4.8-4.9 the half-width of the locking range is compared to that calculated by
direct numerical integration of (4.1)-(4.3) with αg,q = 0 and an optical injection given
by Eq. (4.4) with n = 1 and n = 3, respectively. It is seen that the asymptotic relations
give a good approximation of the locking region even for relatively large injected field
amplitudes a. Our numerical simulations and asymptotic analysis indicate that optical-
frequency locking range is about 10 times larger than RF locking range in the adjacent
mode injection case n = 1 (see Fig. 4.8).
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δ δω
Figure 4.8: Locking range half-width as a function of the injection field amplitude a for
n = 1 and (a): RF locking range, (b): optical locking range. Black solid line
shows the results obtained by asymptotic analysis, circles show the numerical
simulations.
δ δω
Figure 4.9: Locking region halfwidth as a function of the injection field amplitude a for
n = 3 and (a): RF locking range, (b): optical locking range. Black solid line





In Eqs. (4.25)-(4.26) the ratios δf,LR/a and δω,LR/a characterize the capacity of the
mode-locking regime to be locked by the dual mode injection frequencies. The de-
pendence of these ratios on the parameters of Eqs. (4.1)-(4.3) is illustrated in Figs. 4.10
and 4.11 for different values of the parameter g0 and zero α-factors. It was demonstrated
experimentally that locking range width increases with the absolute value of negative
voltage applied to the absorber section [47]. Since it is known that the absorber relax-
ation rate γq increases with the absolute value of the reverse voltage, we studied the
dependence of the locking range on γq. It is seen from Figs. 4.10 and 4.11 that both RF
locking range and optical frequency locking range have parabolic dependence on γq.
Our simulations predict that the RF locking range is smaller than the optical locking
range for all values of the parameters. This fact is in agreement with the experimental
data obtained with 10 GHz quantum dot PML laser [88]. We have found that both
RF and optical locking range (Figs. 4.10-4.11) decrease with an increase of the intensity
attenuation factor per cavity round-trip κ, the saturation parameter s, and the spectral
filtering bandwidth γ. Similar behavior of a hybrid mode-locked laser has been discussed
in the previous chapter. A decrease of the locking range with an increase of γ suggests
that the inclusion of an additional spectral filtering section into the laser cavity can lead
to an increase of the locking range. This fact was mentioned in Ref. [105] where a PML
laser with a single-frequency coherent injection was studied theoretically and in Ref. [42]
where hybrid mode-locking was studied theoretically and experimentally.
4.6 Conclusion
We have performed a theoretical study of the dynamics of a PML laser subject to dual
mode coherent optical injection. It has been demonstrated that in the case of zero α-
factors, the RF and optical locking ranges increased almost linearly with the injection
field amplitude. When α-factors are nonzero the RF and optical locking ranges are
asymmetric with respect to the pulse repetition frequency of the free-running PML
laser. This asymmetry is related to the increase of the pulse repetition frequency with
the injection amplitude. Our numerical simulations indicate that the optical locking
range is approximately ten times larger than RF locking range both in the case of
vanishing and non-vanishing α-factors. Our simulations predict that the RF locking
range is smaller than optical locking range for all values of the parameters considered in
this chapter. This fact is in the agreement with the experimental data obtained with a
mode-locked quantum dot laser [88].
We have also demonstrated numerically that optical locking range is approximately
10 times larger than that of the RF when the frequency separation between 2 injected
modes is close to the third harmonic of the free-running PML laser repetition frequency.
The values of the locking range width calculated in this case for non-zero α-factors had
similar values when compared to the injection locking of two adjacent modes.
Analytical estimates of the the locking range width have been obtained using an
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Figure 4.10: Dependence of δf,LR/a on the model parameters, αg = αq = 0. Black solid
and blue dashed lines correspond to g0 = 1.25 and g0 = 2 respectively.




Figure 4.11: Dependence of δω,LR/a on the model parameters, αg = αq = 0. Black solid
and blue dashed lines correspond to g0 = 1.25 and g0 = 2 respectively.
Other parameters are as in Table 3.1.
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asymptotic approach. According to these estimates the optical locking range and RF
locking range have parabolic dependence on the absorber relaxation rate γq and decrease
with an increase of the parameters γ, s, and κ, which describe the spectral filtering
bandwidth, the ratio of the saturation intensities in the gain and absorber sections, and
linear attenuation per cavity round trip, respectively. A similar tendency was observed
in our previous study of hybrid mode-locking in Chapter 3.
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5 Pulse repetition-frequency multiplication
in a coupled cavity mode-locked
semiconductor laser
Using a delay differential equation model with two time delays, we investigate the dy-
namics of a semiconductor laser with an active cavity coupled to an external passive
cavity. Our numerical simulations indicate that when the coupling between the two cav-
ities is strong enough and the round-trip time of the active cavity is an integer multiple
of the round-trip time of the external passive cavity, a harmonic mode-locking regime
can develop in the laser with the pulse repetition period close to the passive cavity round
trip time.
5.1 Introduction
Passively mode-locked semiconductor lasers generate short optical pulses with high rep-
etition rates varying from few to hundreds of GHz. They have important applications
in optical telecommunications, sampling, and division multiplexing [20–25]. The optical
spectrum of these lasers is a frequency comb with the line spacing equal to the pulse rep-
etition rate of the mode-locked regime. This repetition rate is limited by the operational
frequencies of the optical modulators and by the fact that the active medium length
must be sufficiently large to achieve laser generation [48]. Therefore, different methods
for pulse repetition frequency multiplication in such lasers have been used. Among them
are the schemes employing colliding pulse mode-locking [129], the group delay disper-
sion in optical fibers (temporal fractional Talbot effect in optical fibers) [49, 50], chirped
fiber Bragg grating based on the same Talbot effect [51, 130], and a number of uniform
fiber Bragg gratings [48]. Another method of increasing the pulse repetition rate in a
mode-locked laser is based on the use of a Fabry-Perot interferometer as an external
spectral filter. This method is attractive due to its simplicity and robustness since com-
mercially available Fabry-Perot filters may be employed [53, 56]. Experimentally it was
realized by different authors, see, for example, Refs. [53–57]. The idea of this method
is the following [53], see Fig.5.1. If the separation between transmission peaks of the
Fabry-Perot interferometer is exactly m times (m is an integer number) larger than
the pulse repetition rate of the laser, then only those laser modes will be transmitted
through the Fabry-Perot filter which coincide with the transmission lines of this filter.
Since this leads to an increase of the separation between the resulting laser modes by m
times, one can expect that the repetition frequency can be increased m times [53]. In
the example presented in Fig.5.1 m = 2. Typical solid state mode-locked femtosecond
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lasers have free spectral range from about 100 MHz to 1 GHz [131, 132]. On the other
hand, for the precision measurements of astronomical objects, a comb spacing of 10 to
30 GHz is ideal [132]. This is why filtering of femtosecond-laser frequency combs by an
external Fabry-Perot cavity is used to generate a broad spectrum of resolvable lines for
astronomical measurements, for instance, in astronomical spectrograph calibration (see
reviews [132–134]).
Figure 5.1: Rate multiplication example showing laser intensity versus frequency and
time. Laser modes with frequency spacing fP produce a pulse train with
period Tp = 1/fP . An external Fabry Perot cavity filter passes only modes
with frequency spacing 2fP . This yields a pulse train with period T = Tp/2.
The problem of mode selection in single section semiconductor lasers is one of the most
important problems in the control of laser radiation parameters [135]. In particular,
semiconductor lasers with a fixed and predetermined number of primary modes are of
interest for a number of applications. For example, two-color devices are useful for
terahertz generation by photomixing [136]. In order to achieve a single mode operation
in Fabry-Perot semiconductor lasers different methods have been used. In a distributed
feedback laser, a Bragg grating in the active cavity can result in single mode emission
[137]. An alternative technique that can modify the lasing spectrum is the incorporation
of a number of scattering centers in the form of slots into the laser cavity [138, 139].
This technique enables the design of single mode lasers, two mode lasers, or passively
mode-locked discrete mode lasers [140, 141].
Furthermore, systems consisting of optically coupled lasers can exhibit a very rich
variety of different dynamical phenomena and have much in common with other nonlinear
systems [142–146]. For example, in optically coupled phase locked lasers the break up
of phase-locking can lead to the appearance of chaotic dynamics [144]. The nonlinear
dynamics in passively mode-locked semiconductor lasers is an active area of research
[147]. In [100–103, 148] the dynamics of passively mode-locked semiconductor lasers was
studied theoretically using a system of delay differential equations model.
Optical bistability has been intensively investigated for decades because of its potential
application to all-optical logic and signal processing, see e.g. [149]. The existence of
optical bistability in the system comprising a cavity mode and an ensemble of two-level
atoms was demonstrated theoretically in [150]. It was shown that two stable CW regimes
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may coexist in this system and a hysteresis was observed between these regimes when
the frequency of the external harmonic signal was changed. Optical bistability was also
studied theoretically and experimentally in optically injected semiconductor lasers [151],
semiconductor lasers with optical feedback [152, 153], two coupled semiconductor lasers
[154], optically injected two-section semiconductor lasers [155], and other laser systems.
In this chapter using a delay differential equations model we study the dynamics of
passively mode-locked semiconductor ring laser coupled to an external passive cavity.
The external cavity in this case is used as a filter which suppresses certain longitudinal
modes of the passively mode-locked laser. We demonstrate an increase of pulse repetition
frequency fP by a factor of 2 and 3 when the external cavity length is two and three
times smaller than the active cavity. We study the dependence of these mode-locked
regimes on the model parameters and coupling coefficients between the two cavities. We
demonstrate that changing the relative phase between the two electric fields in the two
cavities leads to a periodic appearance of mode-locking windows with the pulse repetition
rates 2fP and 3fP , respectively. The period and width of these mode-locking windows
depend on the passive cavity length.
Finally we demonstrate the existence of optical bistability between a mode-locked
regime and irregular pulsations in the model equations. We have found that a bistable
behavior arises when the relative phase between electric fields in two cavities and the
pumping power are changed.
The results of this chapter are published in own publication: R. M. Arkhipov, A. Amann,
A. G. Vladimirov "Pulse repetition-frequency multiplication in a coupled cavity passively
mode-locked semiconductor lasers", Applied Physics B, V. 118(4), pp. 539-548 (2015).
5.2 Model Equations
Our analysis is based on a set of delay differential equations (DDE) describing the time
evolution of the electric field amplitudes in the active cavity A1(t) and in the external
cavity A2(t), as well as the saturable gain G(t), and the saturable absorption Q(t) in
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dQ
dt





Here T1 (T2) is the round trip time in the active (passive) cavity. The parameters
φ and ψ describe the phase shifts of the fields A1 and A2 after the round trip in the
active and passive cavity, respectively. Equations (5.1)-(5.4) generalize the model of
a passively mode-locked semiconductor laser proposed in [100–102] to the case of two
coupled cavities. The parameters κ, κ1, and κ2 describe the reflectivities of the mirrors
3, 2, and 5, respectively, see Fig. 5.2. Typical values and a short description of the
model parameters are given in Table 5.1. Each of the two coupled cavities has its own
spectral filtering element. Since the passive cavity is empty, we assume that the spectral
filtering bandwidth is much larger in the passive cavity than in the active one, γ2 ≫ γ1.
Below, we will consider the case when ψ = 0 for simplicity. The effect of the phase φ
on the dynamics of coupled cavity laser is studied in Section 5.5. Let the active cavity
round-trip time be equal to 25 ps. This corresponds to the pulse repetition frequency
close to 40 GHz in the absence of external cavity and to T1 = 2.5 in the normalized units
of Eqs. (5.1)-(5.4) [102], where the time is normalized to the carrier relaxation time in
the absorber section (10 ps).
Table 5.1: Typical parameter values used in simulations
spectral filtering bandwidth in the active cavity γ1 15
spectral filtering bandwidth in the passive cavity γ2 50
non-resonant field intensity attenuation factor per cavity round-
trip
κ1 = κ2 0.3
linewidth enhancement factor in gain section αg 0
linewidth enhancement factor in saturable absorber section αq 0
pump parameter g0 0.5
unsaturated absorption q0 2
carrier relaxation rate in gain section γg 0.01
carrier relaxation rate in saturable absorber section γq 1
ratio of gain and absorber saturation intensities s 10
optical phase shift in the active cavity ψ 0
optical phase shift in the passive cavity φ 0
active cavity round trip time T1 2.5
passive cavity round trip time T2 T1/2, T1/3
5.3 Results of numerical simulations
5.3.1 80-GHz mode-locking regimes
In this section we present the results of numerical simulations of Eqs. (5.1)-(5.4) with
the parameter values given in Table 5.1. We demonstrate that when the external cavity
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Figure 5.2: Schematic representation of mode-locked laser coupled to an external passive
cavity. The active cavity contains gain section, saturable absorber section,
and a spectral filtering element with the bandwidth γ1. External passive cav-
ity contains only a spectral filtering element with the bandwidth γ2 which
is assumed to be much larger than that of the active cavity, γ2 ≫ γ1. Pa-
rameters κ, κ1, and κ2 are the reflectivities of the mirrors M3, M2, and M5,
respectively.
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length is approximately twice smaller than the laser cavity length, T2 ≈ T1/2, an increase
of the pulse repetition frequency by a factor of 2 can be achieved. First, we study the
evolution of dynamical regimes with an increase of the reflectivity κ of mirror 3. The
bifurcation diagram in Fig. 5.3 shows the laser pulse peak intensity as a function of κ.
To calculate this diagram we have used the following procedure. First, at each given
value of the parameter κ Eqs. (5.1)-(5.4) have been integrated from t = 0 to t = 5000
in order to skip the transient behavior. Next, during the time interval from t = 5000 to
t = 7000, the maxima of the intensity time trace |A1(t)|2 have been plotted.
κ
Figure 5.3: Bifurcation diagram presenting the sequence of dynamical regimes taking
place with an increase of the reflectivity κ. T2 = T1/2, other parameter
values are given in Table 5.1. CW , ML2, and ML2a indicate a continuous
wave, an 80 GHz mode-locking regime, and an 80 GHz mode-locking regime
with 2 pulses in the cavity having different peak powers, respectively.
In Fig. 5.4 four different examples of the laser intensity time trace are given. When the
reflectivity κ is small (the case of strong coupling) the laser operates in a CW regime with
the electric field intensity independent of time. The intensity time trace illustrating this
regime is shown in Fig. 5.4a. This regime is indicated as CW in Fig. 5.3. An increase
of κ leads to the appearance a harmonic mode-locking regime (ML2) with the pulse
repetition frequency close to 80 GHz (see Fig. 5.4b). In this regime the laser emits two
pulses per active cavity round trip time T1. The peak intensity of these pulses increases
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with κ for κ ≤ 0.5. A further increase of the reflectivity κ up to 0.8 leads to a decrease
of the pulse peak intensity. When κ becomes larger than 0.8 a transition to a regime
ML2a with two pulses in the cavity with different peak intensities takes place via period
doubling bifurcation (Figs. 5.4c). One of these pulses has larger pulse peak power and
the other is smaller than the peak power of the harmonic mode-locking regime with
two identical pulses shown in Fig. 5.4b. Finally, at large coupling strengths κ = 1 the
laser undergoes a transition to a fundamental mode-locking regime with the repetition
frequency 38.88 GHz, see Fig. 5.4d.
Fig. 5.5 has been obtained in a similar way to Fig. 5.3, but with the pump parameter g0
taken as a bifurcation parameter instead of κ. As seen from Fig. 5.5, when the linear gain
g0 is small enough, the laser exhibits a Q-switching regime QS with the laser intensity
oscillating at a low frequency (2 GHz), which is approximately one order of magnitude
smaller than the pulse repetition frequency fP of the fundamental mode-locking regime.
The corresponding time trace and power spectrum are presented in Fig. 5.6. Q-switching
regimes in passively mode-locked quantum dot lasers were studied theoretically using a
DDE nodel in [103]. For values of the parameter g0 within the interval 0.161 < g0 < 0.361
the laser operates in a CW regime (not indicated in Fig. 5.5). With further increases in
the pump parameter g0, a transition to a harmonic mode-locking regime with a repetition
rate that is approximately twice higher takes place as shown in Fig. 5.4b. Finally, for
large g0 > 1.5 a CW regime becomes stable.
5.3.2 120-GHz mode-locking regimes
In this subsection we study the dynamics of a passively mode-locked semiconductor
laser coupled to an passive cavity of length L/3, where L is the active cavity length
(T2 = T1/3). In the simulations we have used the parameter values q0 = 3, κ1 = 0.3,
and κ2 = 0.9. Other parameter values are given in Table 5.1. Similar to the case
discussed in the previous section, when the coupling strength κ is large enough one can
expect the appearance of a harmonic mode-locking regime with a “multiplied” pulse
repetition frequency 3fP . Such regimes were observed in numerical simulations of a
model of passively mode-locked semiconductor laser without external cavity (κ = 1) at
sufficiently large values of the pumping parameter g0 [102].
A bifurcation diagram illustrating the dependence of the pulse peak power |A1|2 on
the reflectivity κ is presented in Fig. 5.7. When κ / 0.05 the laser exhibits periodic
pulsations (ML3a) with the period close to 2T1/3 determined by the sum of the length
of the two cavities. Two intensity time traces of this regime corresponding to κ = 0.01
and κ = 0.03 are plotted in in Figs. 5.8a,b. At slightly larger reflectivities the laser starts
to operate in a CW regime (see Fig. 5.8c). When κ becomes close to 0.07 harmonic mode-
locking regime with the “multiplied” pulse repetition frequency close to 3fP appears. The
field intensity time trace for this regime is shown in Fig. 5.8d. Finally, at sufficiently
large κ a transition from the harmonic mode-locking regime to a CW regime takes place.
To study the effect of the injection current on the harmonic mode-locking regime
with the pulse repetition frequency 3fP , we present a bifurcation diagram illustrating
the dependence of pulse peak power |A1|2 on the pump parameter g0 in Fig. 5.9. This
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Figure 5.4: Intensity time traces at different values of the reflectivity parameter κ. (a):
CW regime, κ = 0.02, (b): 80 GHz mode-locking ML2, κ = 0.3, (c): har-
monic mode-locking regime with two pulses having different peak powers
ML2a, κ = 0.9, (d): 40-GHz fundamental ML regime, κ = 1.
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Figure 5.5: Pulse peak power |A1|2 versus g0, κ = 0.3, T2 = T1/2. Other parameter val-
ues are given in Table 5.1. Q-switching regime shown in Fig. 5.6 is indicated
as QS.































Figure 5.6: Laser intensity time traces for g0 = 0.1 and κ = 0.3 (a). Power spectrum
(b). Other parameter values are the same as in Fig. 5.5.
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κ
Figure 5.7: Bifurcation diagram illustrating pulse peak power |A1|2 as a function of re-
flectivity κ, T2 = T1/3, q0 = 3, κ1 = 0.3, and κ2 = 0.9. Other parameter
values are given in Table 5.1. Mode-locking regimes with three pulses in the
cavity having different peak powers are indicated ML3a. Intensity time trace
of this regime is shown in Figs. 5.8a,b. ML3 indicates harmonic mode-locking
regime with the pulse repetition rate close to 120 GHz, see Fig. 5.8d.
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Figure 5.8: Laser intensity time traces for different values of the reflectivity κ. (a): ML3a
regime of periodic pulsations with the period determined by the sum of the
round trip times of the two cavities, 2T1/3, κ = 0.01, (b): ML3a regime,
κ = 0.03, (c): CW regime, κ = 0.05, (d): 120 GHz mode-locking regime
ML3, κ = 0.15. Other parameter values are the same as in Fig. 5.7.
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figure corresponds to the fixed value of the reflectivity κ = 0.15, for which this regime
occurs in Fig. 5.7. When g0 is small enough the laser operates in Q-switching (QS)
regime (see Fig. 5.10), which corresponds to a periodic pulse train with the pulse peak
power oscillating at a low frequency close to 1.7 GHz. When g0 becomes close to 0.3, a
harmonic mode-locking regime with the pulse repetition frequency close to 3fP (ML3)
appears, as seen in Fig. 5.8d. Finally, for g0 > 0.66 a CW regime becomes stable.
Our analysis indicates that harmonic mode-locking regimes with the pulse repetition
rate 3fP can be observed not only in the case when the passive cavity is three times
shorter than the active one T2 = T1/3, but also for T2 = 2T1/3. In both these cases
every third mode of the active cavity coincides with a certain mode of the external
passive cavity and, hence, mode-locking regimes with the pulse repetition rate 3fP can
be expected. A bifurcation diagram obtained for the case T2 = 2T1/3 is similar to that
shown in Fig. 5.7.















Figure 5.9: Pulse peak power |A1|2 versus g0, T2 = T1/3, κ = 0.15, κ1 = 0.3, and κ2 =
0.9. Other parameters are the same as in Fig. 5.7.
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Figure 5.10: (a): Intensity time traces illustrating Q-switching regime for g0 = 0.14. (b):
Spectrum. T2 = T1/3, κ = 0.15, κ1 = 0.3, κ2 = 0.9. Other parameters are
the same as in Fig. 5.9.
5.4 Nonzero linewidth enhancement factors
In this section we study the effect of the linewidth enhancement factors on the dynamics
of Eqs. (5.1)-(5.4). It is known that for sufficiently large linewidth enhancement factors,
a mode-locking regime can be destabilized and irregular pulsations can appear. The
influence of the α-factors on the dynamics of a passively mode-locked semiconductor
laser without external cavity was studied in [102]. Fig. 5.11 was obtained by taking
the linewidth enhancement factors as bifurcation parameters. It is seen in Fig. 5.11a,
which corresponds to αq = 1.0, that the largest pulse peak powers were observed in
the case when the linewidth enhancement factors in the two sections are approximately
equal: αg ≈ αq. This can be intuitively explained as follows [102]. Since gain and loss
enter in equation (5.1) with opposite signs, the contributions of the gain and absorption
sections into the pulse chirp must compensate each other, at least partially, when the
two linewidth enchancement factors have the same sign. When αg is increased the pulse
peak power decreases, and a transition to irregular pulsations and CW regime takes place
(starting from αg ≃ 1.7). Similar behavior was observed for αg = αq, see Fig. 5.11b: the
pulse peak power decreases with an increase of the two linewidth enhancement factors
and a transition to irregular pulsations regime takes place at αg = αq ≃ 3. It was
found in [102] that this transition is associated with the intermittency between mode-
locking solution and chaotic intensity pulsations. Slightly above the transition point,
time intervals characterized by an almost regular mode-locking behavior alternate with
irregular spiking. The duration of the "regular" time intervals decreases with an increase
of αg, and, finally, irregular pulsations regime develops. The break up of a mode-locking
regime can be explained by the presence of intracavity dispersion. When the linewidth
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enhancement factors are large, frequencies of the laser modes become nonequidistant
due to the strong intracavity dispersion and the mode-locking regime disappears.
5.5 Influence of the relative phase φ
In the previous section we assumed that the phase shift in both cavities is equal to
zero, φ = ψ = 0. This means that the frequency of the central mode of the active
cavity coincides with that of the passive cavity. In order to satisfy this condition it is
necessary to make the optical length of the external cavity n times smaller than the
optical length of the active cavity (L2 = L1/n, n-integer number) with the precision to
a small fraction of the wavelength. However, since in reality it is rather difficult to build
the two cavities with such a high precision, it is interesting to consider the dynamics
of the coupled cavity laser in the case when the central mode of the passive cavity is
shifted in frequency with respect to that of the active cavity, φ 6= 0. To this end we
take the phase φ as the bifurcation parameter and perform numerical integration of the
model equations (5.1)-(5.4) with the parameters given in Table 5.1, T2 = T1/2, and
κ = 0.5. A bifurcation diagram illustrating the dependence of the pulse peak power
|A1|2 on the parameter φ is presented in Fig. 5.12. It is seen that this dependence has
a multi-resonant character and is periodic with the period equal to 2π. This periodicity
can be easily understood by taking into account the invariance of equations (5.1)-(5.2)
under the transformation φ → φ + 2π. In Fig. 5.12 the values of φ characterized by a
single-valued pulse peak power (the peak powers of all pulses in the intensity time trace
are equal, see Fig. 5.13a) correspond to mode-locking regimes with the pulse repetition
frequency close to 2fp. The pulse peak power of this regime achieves its maximum at
φ = kπ with k = 0,±1,±2.... Finally, near φ = (1/2 + k)π regimes with non-periodic
pulsations (NPP ) of the pulse peak power are observed. The intensity time traces of
these regimes corresponding to a cloud of points in Fig. 5.12 are shown in Fig. 5.13b for
φ = 0.5π.
Resonant behavior similar to that presented in Fig. 5.12 was observed in the case
T2 = T1/3 as well, see Fig. 5.14. However, in this case the maximal pulse peak power
of the harmonic mode-locking regime at φ = kπ, k = 0,±2,±4,±6... and φ ≈ 0.66kπ,
k = ±1,±2... is larger than that in the case T2 = T1/2 and the windows of non-periodic
pulsations are located around φ = 0.4π, π, 1.7π, .... The nonperiodic regimes appear as
a result of destabilization of harmonic mode-locking due to the interference between the
electric fields in the two cavities. Note that the resonant behavior shown Fig. 5.12 is
similar to the dependence of the transmission function of a Fabry-Perot cavity on the
relative phase φ [156].
5.6 Optical bistability
Bistable devices are important in the field of optical signal processing for their use as
optical logic elements. In the present section we demonstrate the appearance of optical
bistability in the model equations (5.1)-(5.4). We consider the case of nonzero linewidth
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Figure 5.11: Bifurcation diagrams obtained by changing the linewidth enhancement fac-
tors αg and αq. T2 = T1/2. (a) Pulse peak power αg, αq = 1.0, (b) Pulse
peak power vs αg = αq, κ = 0.5. Other parameters are given in Table 5.1.
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φ π
Figure 5.12: Pulse peak power |A1|2 versus φ. κ = 0.5, κ1 = 0.3, κ2 = 0.3, and T2 =
T1/2. Other parameters are given in Table 5.1. NPP indicates a regime
with non-periodic pulsations of the electric field, see Fig. 5.13b.
Figure 5.13: Intensity time traces |A1(t)|2 calculated for different values of the parameter
φ. (a): 80 GHz mode-locking, φ = π, (b): regime of non-periodic pulsations
NPP , φ = 0.5π. κ1 = κ2 = 0.3, κ = 0.5, and T2 = T1/2. Other parameter




Figure 5.14: Bifurcation diagram of the pulse peak power |A1|2 versus φ. κ = 0.15,
κ1 = 0.3, κ2 = 0.9, and T2 = T1/3. Other parameter values are given in
Table 5.1.
enhancement factors in the gain and absorber sections, αg = 3 and αq = 1. Fig. 5.15
shows the dependence of the pulse peak power |A1|2 on the phase φ for T2 = T1/3. This
figure was obtained by numerical integration of the model equations at each value of the
parameter φ on an equidistant grid with the solution calculated at the previous value of
φ taken as an initial condition. After the integration the pulse peak powers were plotted
versus the phase φ. This procedure was repeated with stepwise increasing and stepwise
decreasing of the phase parameter φ. Black circles and red crosses in Fig. 5.15 correspond
to the case when the parameter φ was increased and decreased, respectively. It is seen
from the figure that within the intervals 0.64π  φ  0.74π and 1.3π  φ  1.4π
the laser exhibits a bistability between harmonic mode-locked states (ML3) with the
repetition rate close to 120 GHz and non-periodic regimes (NPP ). Furthermore, our
simulations demonstrated that the appearance of optical bistability in the system is
related to nonzero linewidth enhancement factors in the gain and absorber sections.
In typical experiments on optical bistability the laser output power is measured as a
function of the injection current [152–154]. The diagram shown in Fig. 5.16 was obtained
in similar ways those in Fig. 5.5 and Fig. 5.9 but with the pump parameter g0 taken as
a bifurcation parameter instead of the detuning φ. It corresponds to the case when the
external cavity length is three times smaller than that of the active cavity, T2 = T1/3.
It is seen from this figure that when the pump parameter is small the laser operates in a
Q-switching regime (QS). With an increase of g0 a transition to harmonic mode-locking
regime with the pulse repetition rate close to 120 GHz (ML3f ) takes place, see the black
circles in Fig. 5.16. Finally, at g0 ≈ 1.5 the laser starts to operate in CW regime (CWf ).
When the pump parameter is decreased (red crosses in Fig. 5.16) the laser starts from
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a CW regime (CWb in Fig. 5.16), but the electric field intensity in this case is larger
than that of the regime CWf . The regime CWb is stable for g0  0.65. Below this value
a transition to a harmonic mode-locking regime with frequency close to 3fP (ML3b)
takes place. A further decrease of g0 leads to a transition to a Q-switching regime QS
coinciding with that obtained by increasing g0.
The physical mechanisms responsible for the appearance of bistability can differ. For
example, it was demonstrated in Ref. [154] that bistability in two coupled semiconductor
lasers arises due to the gain saturation that is strongly affected by the mutual coupling
of the two cavities.
To demonstrate that the bistability shown in Fig. 5.16 is related to the presence of
the nonzero linewidth enhancement factors in the model equations we integrate these
equations with αg taken as a bifurcation parameter, and g0 = 2.98, see Fig. 5.17. Red
crosses and black circles were obtained by decreasing the parameter αg from αg = 3 to
αg = 0 along the branches CWb and CWf , respectively, see Fig. 5.16. The result of
these simulations is plotted in Fig. 5.17. It is seen from Fig. 5.17 that two stable CW
branches coexist for αg < α∗g ≈ 0.55. However, at small αg < α∗g the branch CWf with
smaller laser intensity becomes unstable and bistability disappears.
φ π
Figure 5.15: Bifurcation diagram of the pulse peak power |A1|2 versus φ. q0 = 3, κ =
0.15, κ1 = 0.3, κ2 = 0.9, T2 = T1/3, αg = 3, αq = 1. Black circles (red
crosses) correspond to the case when φ was increased (decreased). Other
parameter values are given in Table 5.1.
5.7 Conclusions
In summary, we have studied the dynamics of a 40-GHz passively mode-locked semicon-
ductor laser coupled to an external passive cavity. Our analysis was based on a set of
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Figure 5.16: Bifurcation diagram of the pulse peak power |A1|2 versus pump parameter
g0. q0 = 3, κ = 0.15, κ1 = 0.3,κ2 = 0.9, T2 = T1/3, αg = 3, αq = 1,
and φ = 0. Black circles (red crosses) correspond to the case when g0 was
increased (decreased). Other parameter values are given in Table 5.1. CWf
and CWb indicate two bistable CW regimes. ML3f and ML3b correspond
to harmonic mode-locking regimes with the pulse repetition frequency close
to 120 GHz.
α
Figure 5.17: Bifurcation diagram of the pulse peak power |A1|2 versus αg. g0 = 2.98.
Other parameter values are the same as in Fig. 5.16.
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delay differential equations governing the time evolution of the electric field envelopes
in the two cavities, saturable gain, and saturable absorption. We have shown that the
dynamical behavior of the laser depends strongly on the length of the external cavity,
the coupling strength between the two cavities, pumping parameter, and the relative
phase φ. If the length of the external cavity is two or three times smaller than that of
the active cavity and the coupling between two cavities is strong enough, it is possible
to generate mode-locking pulses with the “multiplied” repetition frequency close to 2fP
or 3fP , respectively.
We have investigated the effect of the linewidth enhancement factors on the dynamics
of a coupled cavity mode-locked laser. In particular, our numerical simulations indicate
that at large linewidth enhancement factors mode-locking regimes with the pulse repe-
tition rates 2fP and 3fP can be destroyed and, as a result, irregular pulsations regime
can develop. A beak-up of the mode-locking regimes can be attributed the intermode
distance variation due to the intracavity dispersion.
We have studied the effect of the phase φ describing the relative position of the fre-
quency combs associated with active and passive cavity on the system behavior. Nu-
merical simulations indicate that the pulse peak power has a periodic dependence on φ
and that there are transitions between nonperiodic and mode-locking regimes when φ
changes. This periodic dependence seems to have a similar nature as the dependence of
the transmission function of a Fabry-Perot cavity on the electric field phase.
We have demonstrated the existence of optical bistability between different laser op-
eration regimes. The bistability arises only when the linewidth enhancement factors are
nonzero in the gain and the saturable absorber sections. At zero or sufficiently small
linewidth enhancement factors no bistability was observed in our numerical simulations.
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periodic resonant medium
This chapter studies in a theoretical context the optical response of a one-dimensional
string made of dipoles with a periodically varying density excited by a spot of light
moving along the string at superluminal (subluminal) velocity. Cherenkov radiation in
such system is rather unusual, possessing both a transient and resonant character. We
show that under certain conditions, in addition to the resonant Cherenkov peak, another
Doppler-like frequency appears in the radiation spectrum. Both linear (small-signal) and
nonlinear regimes as well as different string topologies are considered.
6.1 Introduction
The problem of superluminal motion and its existence in nature has attracted the at-
tention of various researchers for a considerable time. At the turn of 20th Century,
physicists O. Heaviside and A. Sommerfeld considered the radiation of charged particles
moving in a vacuum at a velocity greater than the velocity of light in a vacuum c (see
[61, 62, 67, 69–74, 157, 158] and references therein). The special theory of relativity
does not allow such motion and their works were forgotten for many years. Further
analysis has shown that only those motions that involve signal (information) transfer at
the superluminal velocity are prohibited, with this strong prohibition being related to
the violation of the causality principle [61, 62, 69, 158].
Superluminal objects and sources are well-studied today [67, 69–74]. In Refs. [10, 106–
109] the possibility of superluminal propagation of the pulse maxima in an amplifying
medium was demonstrated experimentally and theoretically. In the experiment in Refs.
[106, 107] a laser pulse from a Q-switched ruby laser was split into 2 beams. The first,
more powerful beam propagated through the Ruby optical amplifier. The second beam
propagated in the air. This beam served as a reference for comparison with the amplified
pulse. Both beams were detected by photodetectors. The output signals from these pho-
todetectors were fed to an oscilloscope for visual observation. The experiments resulted
in a pulse maxima propagated through the amplifier at a velocity 6−9 times larger than
the velocity of light in vacuum c. Moreover, experimental investigation provided in Refs.
[106, 107] demonstrated that the shape of the pulse propagated through the amplifier did
not change in the case of nonlinear amplification (when the pulse energy is greater than
the saturation energy of the amplifier). Due to nonlinear amplification of the light pulse
on the leading edge and absorption on the trailing edge the pulse envelope (pulse max-
ima) has an additional movement forward. This leads to the superluminal propagation
of the pulse maxima. This phenomenon was mentioned in Chapter 2. Current exper-
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imental investigations provided in [159] demonstrated superluminal pulse propagation
due to gain-assisted linear anomalous dispersion in caesium gas.
Different superluminal sources of electromagnetic radiation were studied in [67]. In
particular, radiation by charges moving faster than light in vacuum is considered in [70].
Figure 6.1: A short pulse of light illuminates a flat screen. The intersection point of the
beam and medium moves over the screen at the velocity V = c/ sin β > c, β
is the angle of the incidence [66].
If a charged particle moves faster than light in some medium the so called Cherenkov
radiation occurs [58–64]. It typically appears in a cone shape with the angle depending
on the ratio of the particle velocity to the speed of light in the media. Similar conical
emissions can also appear in nonlinear optical parametric processes [75–79]. Not only
particles but also spots of light can propagate faster than the phase velocity of light in
particular mediums [65–67, 160–164]. Those can be optical pulses and solitons in fibers
or filaments [165–172] as well as in other optical systems [173–181]. Spots of light formed
by a rotating projector, searchlight (or pulsar in astrophysics) at a fairly remote screen
can also move at a superluminal velocity. If the projector rotates at angular velocity Ω,
the velocity of the spot of light V on the screen located at distance R is determined by
V = ΩR. The model of rotating searchlights was applied to pulsars in astrophysics in
[66, 182, 183]. For example, for the pulsar NP 0532 in the Crab Nebula Ω ≈ 200 rad/s
and the velocity V of the spot on the earth at the distance R ≈ 2000 parsec ≈ 6 · 1021
cm is given by V = ΩR ≃ 1.2 · 1024 cm/sec [66, 182, 183]. The intersection point of two
interfering laser beams that propagates at the velocity V = c/ cos α2 > c (α being the
angle between two interfering waves) can also move at a velocity exceeding that of light
[67, 184] (see Fig. 6.3). Similar situation occurs when a short plane-wave impulse crosses
a flat screen (or the plane diffraction grating) [67, 185]. In this case, the intersection of
the pulse and screen moves along the screen at the velocity V = c/ sin β > c (here β is
the angle of wave incidence) [65, 66]. This situation is illustrated in Fig. 6.1.
Cherenkov radiation in different periodically modulated media was also considered
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[173, 186, 187]. Despite the great number of different configurations studied in the
context of Cherenkov radiation, in all those cases such radiation has the same nature.
Namely, it is a result of the interference of the secondary waves emitted by the moving
physical object. The temporal shape of the radiating wave and thus the spectrum of
radiation can be significantly different depending on the particular situation. For in-
stance, the spectrum of radiation induced by a charged particle moving faster than the
phase velocity of light is rather unstructured [61, 62]. In many cases, resonances may
occur [67, 185]. Other important example is the Purcell-Smith radiation appearing as
a charged particle moves in the vicinity of a periodic structure [185, 188]. The appear-
ance of resonance Cherenkov radiation for optical soliton propagation is demonstrated
in [189].
In this chapter, we consider the Cherenkov-type radiation in the case of a one-
dimensional (1D) string formed by resonant two-level particles (dipoles) with a spatially
periodic modulated number density. Our consideration is rather general, we bear in mind
optical nanoantenna or quantum dots arrays [190–197] as well as thin microcapillaries.
A similar geometry was recently realized experimentally in [163].
In this chapter we show, that the Cherenkov radiation emission exhibits an unusual
character. It possesses a narrow-band spectrum with the central frequency at the res-
onance of the dipoles. We show also that in presence of inhomogeneities in the dipole
density, a new Doppler-like frequency appears in the spectrum in a linear regime, when
the pump is weak and in nonlinear regime when pump is strong. We consider both a
straight and a circularly-shaped string. By increasing the pump the nonlinear response
of the two-level atoms becomes important. In this case the radiation intensity at a
new frequency may even significantly overcome the radiation intensity at a resonant
frequency.
The majority of the results of this Chapter were published in own publication [164] and
in the recent publication [198]. Some part of the text presented below is reprinted with
permission from [198]: R. M. Arkhipov, I. Babushkin, M. K. Lebedev, Yu. A. Tolmachev,
and M. V. Arkhipov. Transient Cherenkov radiation from an inhomogeneous string
excited by an ultrashort laser pulse at superluminal velocity. Physical Review A, Vol.
89(4) p. 043811, 2014. c© (2014) by the American Physical Society.
6.2 Physical considerations
We consider the geometry illustrated in Fig. 6.2(a). A short, spectrally broadband optical
plane wave pulse is emitted by source 1, passing through beam expander (lenses 2 and
3) which spatially extends the pulse. We assume that source produce a significantly
broadband and flat spectrum [199–207] and includes the resonance frequency ω0 of the
dipoles in the string. After beam expander this spatially extended short in time and in
the axial direction pulse has the form of thin ”sheet of light” 4. This ”sheet of light”
illuminates at the angle β the string medium parallel to z-axis.
A similar situation of superluminal excitation of the string by the intersection point
of two laser beams is presented in Fig. 6.3. Radiation from an ultrashort laser pulse
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Figure 6.2: (a) Excitation of a string at superluminal velocity. 1 - a short spectrally
broadband laser pulse source, 2,3 -lenses, 4 the plane pulse wave. The in-
tersection of the plane pulse and the medium moves along the string at the
velocity V = c/ sin β > c. (b) The observation geometry of the string of
the length Zm emission. The observer is placed far away from the string or
in the focus of a lens L which collects the radiation of the string parallel to
the z-axis. (c) The source must produce significantly broadband and flat
spectrum [199–207], which includes also the resonance frequency ω0 of the
dipoles forming the string.
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Figure 6.3: Excitation of a string at superluminal velocity. The intersection point of 2
laser beams propagates over the medium at the velocity V = c/ cos α2 > c.
originating from source 1 passes through the beam splitter 2 and reflects from mirrors
1 and 2. As a result two intersecting beams are formed. If the resonant string is placed
along the propagation of the intersection point of two beams, superluminal excitation of
the string occurs.
In our consideration we assume that the string consists of oscillators (dipoles) with
the resonance frequency ω0 and decay constant γ, whose number density N(z) varies
periodically along the string with the spatial period Λz.
Moreover, we assume that the string is thin. Its thickness is less than the wavelength
of light corresponding to the resonance frequency ω0. Such quasi-1D geometry of the
system suggests that, if the irradiation and observation angles β and ϕ are not zero (cf.
Fig. 6.2(a)), the secondary radiation emitted by any dipole will never hit another dipole
on its way to the observer.
The electric field created by this excitation observed at the remote position Q is
determined by the solution of the wave equation
E = µ0∂ttP, (6.1)
where  = ∂xx + ∂yy + ∂zz − 1/c2∂tt is the d’Alembert operator and c is the velocity
of light in vacuum. In particular, if the source is a single dipole, that is, P ∝ δ(r), the
observed secondary emission at the point r′ is:
E(r′, t) ∝ ∂ttP(r, t − |r − r′|/c). (6.2)
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We will normalize the latter relation so that the coefficient of proportionality between
E and ω20P is 1.
The total response of dipoles to excitation field Ee(t) at the point Q is described by
the sum of the responses of separate dipoles over the whole string. The response comes
to the point Q delayed in time. Let us denote ge(t) the response of a single dipole to






where t̃ is the delayed time depending on the geometry of the system and N(z) the
dipole density.
The physical nature of the oscillators forming the string can be very different. In
particular, one can use a string of optical nanoantennas made of the conducting material.
Such nanoantennas have indeed the resonance frequencies defined by their plasmonic
resonances, which are highly flexible and are determined by the geometry and size of the
structures [190–193]. Using such structures the resonance frequency ω0 can be tuned to
a wide range from teraherz up to the visible spectrum. Semiconductor quantum dots
arrays [194–197] can be also used. One may remark that in the case of semiconductors,
strong nonlinearities accomplished by the possibility of a pump allow for the use of such
thinner-than-wavelength layers as active elements in quantum wells and quantum dot
lasers [208–215].
In the case when the exciting pulse is weak and the dipole response is linear, its
response to the excitation pulse Ee(t) is described by the polarization P(t)
P̈ + γṖ + ω20P = gEe(t), (6.4)
where g is the coupling strength to the field.
In a linear regime we also assume that the excitation pulse duration is smaller (or
comparable) than the resonant period of oscillators T0 = 2π/ω0, so that its spectrum not
only includes ω0 but at the same time is significantly broad and flat [see Fig. 6.2(c)]. Such
pulses can be obtained, for instance, in the teraherz range using a gaseous ionization-
based source pumped by ultrashort optical pulses [199–207].
In this case the response of the oscillators can be described to a high degree of precision
by the following expression
ge(t) ≅ e
−γt cos(ω0t)Θ(t), (6.5)
where Θ(t) is the Heaviside step-function.
In the case when the pumping pulse has a large enough amplitude, the response of the
string becomes nonlinear. Interaction of two-level dipoles with the strong optical field is










= −∆ωu(t, z) − 1
T2





(w(t, z) + 1) − ΩR(t, z)v(t, z). (6.8)
Here u, v represent the components of the medium polarization that are in-phase and
out of phase with the driving E field correspondingly, w - population difference, T1 is the
time relaxation of the population difference, T2 is the time relaxation of the polarization,
∆ω is the frequency detuning between the electric field and the resonance frequency of
the medium, ΩR =
d12E0(t)
~
- the Rabi frequency of the driving field, d12 - the transition
dipole moment, and E0 - the amplitude of the driving field. This system of equations is
commonly used for describing the interaction of short optical pulses with the two-level
medium, in particular taking into account the coherent interaction considered in Chapter
2 [10, 29]. Note, that Eqs. (6.6)-(6.8) are derived in the rotating wave approximation that
is inapplicable to the broad spectra and short pulses mentioned above. Thus, below our
consideration is limited by relatively long pump pulses. We assume that the excitation





. In the case of ∆ω = 0 and
if the duration of the excitation pulse is much shorter than T1, T2: τp << T1, T2 one can
obtain the following solution of the optical Bloch equations for the polarization P (t, z)
and population difference n(t, z) = N0w(t, z) (N0 is the concentration of the two-level
atoms) [10, 29]:
n(t, z) = N0w(t, z) = N0 cos Φ(t, z), (6.9)








is the pulse area considered in Chapter 2 [10, 29].
The system of optical Bloch equations (6.6)-(6.8) has a simple physical interpretation
[10, 29]. The change of n and P can be represented as the rotation of a unit Bloch vector
ρ = (v,w)t in the (v,w) plane. In this case the function Φ given by (6.11) is the angle of
rotation of this vector. For example, Φ = π corresponds to a rotation of the Bloch vector
at angle π and corresponding complete transition of the atom to the upper excited level
(π pulse), and Φ = 2π corresponds to an excitation of the atom to the excited level and
then return to the ground level (2π pulse). These pulses are considered in Chapter 2.
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6.3 Straight string: linear response
In this section we consider the case when our string has the form of a straight line
of length Zm [Fig. 6.2(b)]. We assume that the radiation is registered at a very large
distance from the string (or at the focal point Q of the lens L). We consider that
the string consists of identical dipole oscillators with resonance frequency ω0 (λ0 is the
corresponding wavelength) and decay rate γ. The number density of oscillators along











where a ≤ 1 is the amplitude of density oscillations. Below, for simplicity, we take a = 1.
At the initial moment t = 0 the excitation pulse crosses the point z = 0 and starts to
propagate at velocity V along the string from point z = 0 to point z = Zm. In this anal-
ysis we assume that the exciting pulse is linearly polarized and the polarization plane
is perpendicular to the plane of Fig. 6.2(b). The oscillators start to emit electromag-
netic radiation according to the response law (6.5). Consider the secondary radiation
propagating at the angle ϕ to the string, which reaches the observer at the point Q, see
Fig. 6.2(b).
The electric field emitted by the oscillator located in z (as being observed in the same
point) is proportional, according to (6.5), to:





















where the argument with the time delay t − zV describes the excitation pulse appears
at the point z at the moment delayed by z/V . Instead of observation point Q we can
consider the electric field at the reference plane S orthogonal to the direction ϕ passing
through the end of the string point Zm. The propagation time from this reference plane
to Q is constant and will be omitted in the following analysis.
The time of light propagation from the point z at the string to the reference plane S
is Zm−zc cosϕ. Thus, the electric field emitted by the dipoles located at the point z at
the reference plane is given by the expression:






cos [ω0f (t, z)] Θ [f (t, z)] , (6.14)
where f (t, z) = t− zV − Zm−zc cosϕ.
The total field observed in observation point Q is obtained by the integration of (6.14)











cos [ω0f (t, z)] Θ [f (t, z)] dz. (6.15)
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The analytical solution of (6.15) in the case of γ = 0 is given in the last section. As one
can see from analytical calculation, see Eq. (6.37), the response contains the resonance





The inverse numerator of (6.16) is the time interval which the excitation pulse needs
to cross the single oscillation period of dipole density N(z). When this time is equal to
the period of the medium oscillations:
λ0/c = Λz/V, (6.17)





This relation (6.18) formally coincides with that one for the Doppler frequency shift
[65, 66], so we will call it the Doppler-like frequency but will keep in mind that its
physical origin differs from that of the Doppler effect.
Equation (6.16) is valid for arbitrary values of the excitation pulse velocity V and
has the same form as the one appearing in the case of Purcell-Smith radiation studied
experimentally in Refs. [185, 188]. In the experiments by Smith and Purcell, a fine
beam of electrons passed over a flat optical reflective diffraction grating of period Λz
[185]. However, the velocity of the electrons is smaller than the velocity of light c. To
the contrary, in our case the velocity of excitation can be much faster than c.
Now we study the temporal and spectral shape of the linear string response defined
by Eq. (6.15) and its dependence on the system parameters.
We start with the numerical simulations (6.15) for the normalized parameters: Vc = 2,
Zm
Λz
= 9.55, Λzλ0 = 5,
ω0
γ = 22.22. The real-world values of the parameters corresponding
to this set depend on the resonance frequency of the oscillators in the string ω0. For
example, taking ω0 = 2π × 10 ps−1 (the frequency for which the δ-function assumption
from Fig. 6.2(c) is especially easy fulfilled), we will obtain the following values for other
parameters: Λz = 150µm, Zm = 1.4 mm, and γ = 2.8 ps−1. Another example is the
pump at optical frequencies ω0 = 2π × 375 ps−1, Λz = 4 µm, Zm = 40µm, γ = 106.04
ps −1.
The numerical solution of the integral (6.15) and corresponding spectrum are illus-
trated in Fig. 6.4 for the above mentioned parameters, and ϕ = 0 (the observation point
is on the same line as the string) in Fig. 6.4(a,b). The case when the angle ϕ = 60
degrees is shown in Fig. 6.4(c,d). This angle corresponds to the Cherenkov emission
angle (6.19).
As one can see from this Fig. 6.4, the resonant response at ω = ω0 exists in both cases.
But when ϕ = 0 an additional frequency defined by Eq. (6.16) arises in the spectrum of
medium response, see Fig. 6.4b. As it is seen in Fig. 6.4(a), the new frequency (6.16)
appears in the transient process for the time interval from t1 ≈ 20T0 = 20 to t2 ≈ 47T0.
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ω ω
ω ω
Figure 6.4: Time dependence of the field E(t) according to Eq. (6.15) (a,c) and its spec-
tral intensity I(ω) (b,d) normalized to their maximal values vs. normalized
time t/T0 and frequency ω/ω0, for Vc = 2,
Zm
Λz
= 9.55, Λzλ0 = 5,
ω0
γ = 22.22 for
the observation angle ϕ = 0 (a,b) and ϕ = 60◦ (c,d), the later corresponds
to the Cherenkov emission angle.
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At the moment t1 the excitation pulse reaches the end of the string. During the period
t1 to t2, the radiation from the points z = Zm to z = 0 arrives at the observation point
that is z = Zm in this example. As the result of the interference of the incoming waves,
a transition process occurs. It lasts until the moment t2. Only the decaying emission
with the frequency ω0 remains at the later time.
Figure 6.5: Dependence of the spectral intensity I(ω) of the string response according
to Eq. (6.15) on the observation angle ϕ (a), the excitation velocity V (b)
and on the string density modulation period Λz (c). The other parameters
coincide with those ones given in Fig. 6.4(c,d). The spectral intensity is
presented on a logarithmic scale.
For the superluminal velocity of the excitation the denominator of (6.16) can be equal
to zero if:
cosϕ0 = c/V. (6.19)
This expression coincides with the condition for Cherenkov radiation [63, 64]. Case of
Cherenkov emission angle is plotted in Fig. 6.4(c). This angle corresponds also to the
zeroes-order diffraction peak of the grating formed by N(z). Under the parameters of
Fig. 6.4c, ϕ0 = 60 degrees. When the condition (6.19) is fulfilled, we have Ω1 = ∞,
and the radiation from all points of the grating (the resonance medium) comes to the
reference plane simultaneously, thus no transient process occurs.
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For the parameters of Fig. 6.5(a) the angles are ϕ+1 = 45.57 and ϕ−1 = 72.54 degrees
correspondingly. For those angles, we have ω0 = Ω1 as well. For all values of ϕ different
from the one given by (6.20), the Doppler-like frequency Ω1 6= ω0. It should be noted,
however, that in this case the radiation intensity in the transient regime is smaller than
for the Cherenkov angle.
Dependence of the spectrum of the solution of (6.15) on the system parameters is
presented in Fig. 6.5. Fig. 6.5(a) illustrates the dependence of spectral intensity on the
observation angle ϕ, Fig. 6.5(b) illustrates this dependence on the excitation speed V and
the dependence on the grating period Λz is presented in Fig. 6.5(c) From these figures one
can clearly see the frequency branch corresponding to the resonance frequency, ω = ω0,
as well as another one corresponding to the Doppler-like frequency given by (6.16).
According to Eq. (6.16), Ω1 decreases with increasing of V/c for V/c > 2 and increases
for V/c < 2. From Eq. (6.16) it also follows that Ω1 → ∞ for V → 2c (when ϕ = 60
degrees). This also coincides with the typical behavior of the Doppler frequency shift.
As can be seen from Fig. 6.5(c), Ω1 decreases with increasing values of Λz/λ0.
Above we have considered the case when the string is excited by a short pulse of light
propagating at the superluminal velocity. Another interesting case if the excitation spot
moves at the subluminal velocity. An example of numerical solution of the integral (6.15)
assuming V/c = 0.7 and ϕ = 0 are shown in Fig. 6.6. Other parameters of this example
are the same as in the Fig. 6.4. The additional Doppler-like frequency component arises
during the transient process from t1 ≈ 47T0 to t2 ≈ 70T0. At moment t1 the radiation
from the point z = 0 reaches the end of the medium located at the point z = Zm. At
moment t2 the radiation from the point z = Zm appears at the observation point. After
transient process ends, only decaying oscillations at the frequency ω0 remain.
Fig. 6.7 illustrates the dependence of the string response spectrum on the observation
angle ϕ and on the grating period Λz. As one can see, the situation in the case V < c is
slightly differs to the case of the superluminal velocity considered above. In particular,
Ω1 decreases with an increase of ϕ and the Cherenkov angle at which Ω1 = ∞ is never
achieved. From Fig. 6.7b it follows that Ω1 decreases with an increase of Λz as in the
case of superluminal excitation.
6.4 Straight string: strong pump and nonlinear dynamics
In the present section we investigate the radiation of a straight string in the case when
the pump is strong enough, so that the response of the string is significantly nonlinear.
Taking into account that the secondary radiation never comes back to the string, and
no nonlinear propagation takes place (unless the observation angle ϕ = 0) using the
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ω ω
Figure 6.6: Time dependence (a) of the string response field E(t) according to (6.15),
and (b) its spectral intensity I(ω) normalized to the maximum values vs.
normalized time t/T0 and frequency ω/ω0, for Vc = 0.7,
Zm
Λz
= 9.55, Λzλ0 = 5,
ω0
γ = 22.22 and observation angle ϕ = 0.





N(z)P [f(t, z)] sin [ω0f (t, z)] dz. (6.21)
We consider pulses with a relatively narrow spectrum to be consistent with the ap-
proximations for which (6.10) was derived. The pulses we consider have nevertheless
still short enough duration to clearly observe the frequency Ω1. The result of numerical
solution of the integral (6.21) assuming the parameters of Fig. 6.4 and the observation
angle ϕ = 71 degrees, total pulse area Φ = π/2, Rabi frequency ΩR = 0.07ω0, and Gaus-
sian pulse duration τp = 2T0 is presented in the Fig. 6.8. We consider the pulse with
a duration of 2 periods of medium oscillation T0. A system of optical Bloch equations
in the form (6.6)-(6.8) was used for the analysis of a such few-cycle pulse evolution in
two-level media in Refs. [216, 217].
As in the linear case, the two frequencies ω0 and Ω1 are observed as shown in Fig. 6.8(b).
Fig. 6.9 illustrates the dependence of the secondary emission spectrum on the total pulse
area Φ (cf. Eq.(6.11)). The pulse area was changed via modification of the pulse ampli-
tude (Rabi frequency), keeping the pulse duration constant, τp = 2T0. In Fig. 6.9 one can
observe two branches corresponding to the resonance frequency ω0 and to the Doppler-
like Ω1. Analysis of Fig. 6.9 shows that in strongly nonlinear regime when the pulse area
is large the radiation at the resonance frequency ω0 has smaller intensity than that at
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Figure 6.7: Dependence of the spectral intensity I(ω) of the string response according to
Eq. (6.15) on the observation angle ϕ (a), and the string density modulation
period Λz (b). The other parameters coincide with ones in Fig. 6.6. Note
the logarithmic scale in the plot.
the new frequency Ω1. The periodic structure revealed in Fig. 6.9 in dependence on Φ
is explained by the phase relations between the periodic term sin Φ entering P (t, z) [cf.
Eqs.(6.21) (6.10) and (6.11)] and the period of spatial inhomogeneity of dipole density
N(z).
We considered the case of the interaction of single pulse with a string of two-level
atoms in a nonlinear regime. Let us now consider the case when we have a periodic
pulse train, obtained for example from mode-locked laser. The envelope of this pulse












where Ni is a number of pulses and Ti - the pulse repetition period. The spectrum of
such a pulse train is a frequency comb with the central frequency ω0 and intermode
frequency spacing frep = 1/Ti. If for some angle ϕ the frequency Ω1 is close to mfrep
(m is integer number) one can expect the arising of the radiation at the frequency Ω1 at
this angle. Fig. 6.10 illustrates the time dependence of v(t), E(t),Φ(t). It can be seen
that pulse area Φ changes in a stepwise manner and the medium polarization which is
proportional to sin Φ (see Eq. (6.10)) is a sequence of rectangular pulses. The result of
numerical solution of the integral (6.21) with periodic pulse train in the form (6.22) is
presented in Fig. 6.11, assuming the parameters of Fig. 6.8 and the observation angle
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ω ω
Figure 6.8: Time dependence (a) of the string response field E(t) according to Eq. (6.21),
and (b) solid line - its spectral intensity I(ω) normalized to the maximum
values vs. normalized time t/T0 and frequency ω/ω0, for the parameters of
Fig. 6.4 and total pulse area Φ = π/2, ΩR = 0.07ω0, τp = 2T0, dashed line -
spectrum of the excitation pulse).
Figure 6.9: Dependence of the radiation spectrum on the pulse area Φ. Other parameters
are as in the Fig. 6.8.
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ϕ = 70.97 degrees, ω0/γ = 40, Ti = 10τp, Ω1 = 3frep, Ni = 5 . The electric field




Figure 6.10: Time dependence of the v(t), pumping electric field amplitude E(t) given
by Eq. (6.22) and pulse area Φ. Other parameters are as in the Fig. 6.8.
6.5 Circular string: radiation is measured at the center of the
circle, the linear and nonlinear response dynamics
In this section we consider a completely different topology of the string schematically
presented in Fig. 6.12. The string made of the dipoles with the same resonance frequency
ω0 as in the previous section. We assume that the dipoles are arranged along the circle
of radius R. The dipole density is modulated along the string in a periodic way with











As in (6.12), we assume the modulation amplitude a = 1. In the center of the circle a
source of a short spectrally broad optical pulse (see Fig. 6.2(c)) is located, that quickly
rotates so that the cross-section point (red point in Fig. 6.12) moves at the velocity V
along the circle.
Under this excitation the dipoles of the string emit secondary waves. Here we will
calculate the string response field E(t) observed in the center of circle. Each element
dEφ located at the point whose angular coordinate is φ emits the electric field given by
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ω ω
Figure 6.11: Time dependence (a) of the string response field E(t) according to ( 6.21),
and (b) blue solid line - its spectral intensity I(ω) normalized to the maxi-
mum values vs. normalized time t/T0 and frequency ω/ω0, for the param-
eters of Fig. 6.4 and total pulse area Φ = π/2, ΩR = 0.07ω0, Ti = 10τp,
Ω1 = 3frep, ω0/γ = 40 τp = 2T0,Ni = 5, black dashed line: spectrum of the
excitation pulse train (6.22).
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the expression:






cos [ω0fφ (t, φ)] Θ [fφ (t, φ)] dφ, (6.24)
where fφ (t, φ) = t− RφV − Rc . For one round pass of the excitation, the total electric field











cos [ω0fφ (t, φ)] Θ [fφ (t, φ)] dφ. (6.25)
The analytical solution of Eq. (6.25) in the case of γ = 0 is given in the last section.
As one can see from analytical calculation the response contains the resonance frequency





Let us discuss the physical meaning of Eq. (6.26). This is the frequency at which the








the new frequency is equal to the resonance one, Ω2 = ω0.
Figure 6.12: Circular geometry of the string. The source of a short pulse with a broad
spectrum (c) is located in the center of the circle and quickly rotates. The
cross-section of the pulse and medium (red dot) moves at the velocity V
along the string (blue circle). As in the previous case, the string is made of
dipoles characterized by the resonance frequency ω0 and the dipoles number
density is modulated along the string periodically with the angular period
Λφ.
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Note, that Eq. (6.26) is valid in the case when the observer is located anywhere on
the axis passing through the center of the circle perpendicularly to its plane.
Let us consider now the numerical examples taking the following parameters: V/c =
3.75, ΛφRλ0 = 2, ω0/γ = 22.2, ω0/Ω2 = 0.53. Assuming ω0 = 2π × 10 ps
−1 and R = 3 cm,
we obtain Λφ = 0.002 rad−1, γ = 2.8 ps−1. The electric field calculated using (6.25) is
shown in Fig. 6.13. For these parameters, the new frequency Ω2 is approximately two
times larger than the resonance frequency ω0 of oscillators. The high-amplitude beatings
clearly seen in Fig. 6.13. Once the transition process is finished, the observer at O sees
only the ordinary decaying oscillations at the resonance frequency. This conclusion is
also valid in the case when the excitation pulse moves at a subluminal velocity, or even
at the velocity of light. In all these cases, the radiation spectrum at the center of circle
will possess a new frequency Ω2, with only the exception given by Eq. (6.27).
ω ω
Figure 6.13: (a) Time dependence of the electric field E(t) excited by the string and (b)
the corresponding intensity spectrum I(ω) in the center of the circle for
the circular scheme depictured in Fig. 6.12 and the parameters V/c = 3.75,
ΛφR
λ0
= 2, ω0/γ = 22.2, ω0/Ω2 = 0.53.
In order to illustrate the dependence Ω2 on the parameters of system, we present the
radiation spectrum in dependence on V , see Fig. 6.14(a) and R, see Fig. 6.14(b). Other
parameters are taken as in Fig. 6.13. As can be easily seen from Fig. 6.14, the new
frequency increases with V and decreases with R which is in agreement with Eq. (6.26).
In the circular case considered here the Cherenkov resonance corresponds to the R
value defined by Eq. (6.27).
Up to now we considered the linear response of the string when pump radiation is
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Figure 6.14: (a) Dependence of the radiation spectrum on the normalized propagation
speed V of the excitation and the radius of the circle R (b). Other param-
eters are as in the Fig. 6.13.
weak. Let us now consider the nonlinear response of the circular string when pumping





N(φ)P [fφ(t, φ)] sin [ω0fφ (t, φ)] dφ. (6.28)
Fig. 6.15 shows the dependence of the secondary emission spectrum on the total pulse
area Φ. As in the previous section the pulse area was changed via modification of the
Rabi frequency (pulse amplitude), keeping the pulse duration constant. In Fig. 6.15
one can observe two branches corresponding to the resonance frequency ω0 and to the
frequency shift Ω2. Analysis of Fig. 6.15 shows that as in the case of straight string in
strongly nonlinear regime when the pulse area is large the radiation at the resonance
frequency ω0 has even smaller intensity than that at the frequency Ω2. The periodic
structure revealed in Fig. 6.15 in dependence on Φ is explained by the phase relations
between the periodic term sin Φ entering P (t) [cf. Eqs.(6.28) (6.10) and (6.11)] and the
period of spatial inhomogeneity of dipole density N(φ).
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Figure 6.15: Dependence of the radiation spectrum on the pulse area Φ when V/c = 2.3,
ΛφR
λ0
= 2, ω0/γ = 22.2, ω0/Ω2 = 1.15, τp = 2T0.
6.6 Circular string: radiation is measured at the circle, the
linear response
It is interesting to consider the case when the radiation propagates along the ring and
is measured at some point with polar coordinate ψ (Fig. 6.12). We assume that the
medium radiation can propagate only along a circle as in whispering gallery lasers [218–
220], and not along the chord. In this case it is easy to obtain an expression for the




N(φ) cos [ω0fψ (t, ψ)] Θ [fψ (t, ψ)] dφ. (6.29)
Here fψ (t, ψ) = t− RφV −
R(ψ−φ)
c .
Since we assumed that the light can propagate only along the circle, the term R(ψ−φ)c
in (6.29) corresponds to the time of the radiation propagation from the oscillator, located
at a point with polar angle φ to the observation point ψ. The calculation of this integral
shows (see the last expression in the last section) that the spectrum of the transition




|1 − Vc |R
. (6.30)
Unlike the previous case, the new frequency depends on the ratio Vc .
We now discuss the physical sense of (6.30). The numerator of this formula is the fre-
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quency of the incident pulse excitation of the system of oscillators periodically arranged
along the circle. For the observer located at the point ψ, the process would seem to have
a frequency Ω3. Under the condition of resonance (6.27) formula (6.30) becomes
Ω3D =
ω0
|1 − Vc |
, (6.31)
and coincides with the formula for the frequency shift due to the Doppler effect when
the source is moving towards a stationary receiver.
In order to illustrate the dependence Ω3 on the parameters of system, we present the
radiation spectrum in dependence on V (Fig. 6.16a) and R (Fig. 6.16b). As can be easily
seen from (6.30), the new frequency increases with the V when V/c < 1 and decreases
with an increase of V when V/c > 1. Also V decreases with an increase of the R.
Figure 6.16: (a) Dependence of the radiation spectrum on the normalized propagation
speed V of the excitation and the radius of the circle R (b) for ψ = 2π.
If the excitation propagates at the velocity c, the denominator in (6.30) for the new
frequency is equal to 0. In this case the radiation from all points on the circle converges
to point ψ simultaneously, the transient process is absent. Accordingly, there will not
be any new frequency in the spectrum.
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6.7 Analytical solutions of Eqs. (6.15), (6.25) and (6.29).
In this section we provide an analytical solutions of (6.15), (6.25) and (6.29) when
γ = 0. To obtain such an expression we first rearrange the argument of the Θ - function
in Eq.(6.15) as f (t, z) = t − zV − Zm−zc cosϕ = t − z/W − Zmc cosϕ, where W is the









One can see that W can be interpreted as the velocity of the projection of the cross-
section point to the axis parallel to the observation plane in Fig. 6.2(b). Using this









where t′ = t − Zm cosϕc , and the function h0(t) denotes the response of a dipole located
at z = 0 and excited with the excitation in the form of delta-function δ(t): h0(t) =
cos(ω0t)Θ(t).
The integral in (6.33) for the string placed at the interval [0, Zm] has a different form


















dz forW < 0. (6.35)
If W > 0, the emitting element of the string moves in a positive direction starting from
zero, as seen by the observer. In the opposite situation, when W < 0, it is seen as
moving in a negative direction from Zm to 0.
Eqs.(6.34)-(6.35) are valid for 0 < t < Zm/|W | (transient regime) assuming νz = 2πΛz .
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The last equations contain the oscillating terms at the frequencies ω0 and Ω1 = νzW
which coincides with the (6.16).












































This term describes the oscillations with frequency ω0 after the transition process stops.
In the case of circular geometry (when radiation is measured at the center), for tran-
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Here t′′ = t − Rc , νφ = 2πΛφ . The last expression contains terms oscillating at the
frequencies Ω2 and ω0. After the transition process ends (V > c, t > 2πRV +
R
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which contains only terms oscillating at the frequency ω0.
In the case when radiation is measured at the point ψ at the circle one can obtain for
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Here t′′′ = t− Rψc and 1W0 =
1
V − 1c . This expression contains terms oscillating with the
frequencies ω0 and Ω3.
6.8 Conclusion
In this Chapter the secondary radiation excited by a moving intersection of a short
spectrally broadband pulse and a resonant string made of identical dipoles is discussed
for both linear and circular string geometry. In such a situation, Cherenkov radiation
naturally appears. In contrast to many other cases where Cherenkov radiation is un-
structured and has no clear frequency resonance, the present one demonstrates obvious
resonant properties. That is, the response spectrum is centered at the resonant fre-
quency of the dipoles comprising the string. In addition, as our analysis shows, a new
Doppler-like frequency appears in the presence of the string density oscillations.
We point out also that the new Doppler-like frequency (Ω1 in the case of the straight
string and Ω2 or Ω3 in the circular case) appears in the transient regime, when some of
the secondary waves excited by the exciting pulse have not yet reached the observation
plane. The dynamics of the radiation after this moment is trivial and contains only
decaying oscillations on the resonant frequency ω0. In the strong-signal regime, when
the nonlinearity in the string response becomes significant, the radiation intensity at
the new frequency may even be significantly larger than the radiation intensity at the
resonant frequency.
The behavior described here can be applied, for instance, to the pulse shape of broad-
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band pulses using a rather compact setup. The frequency of new component can be used
to determine the velocity of motion of superluminal excitations in a resonant medium
and for the determination of a spatial structure of the scattering system by the spectrum
of the scattered wave.
Author thanks Prof. Dr. Yu. A. Tolmachev, Dr. M. V. Arkhipov, Dr. I. Babushkin
and Dr. I. A. Chekhonin for helpful discussions of the results obtained in this Chapter.
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In the present thesis, the problems related to the generation of short optical pulses
in mode-locked lasers were studied theoretically. The main part of this work explores
the physical principles which can be used for the control of the pulse duration and
pulse repetition frequency. The possibility of coherent mode-locking - generation of
ultrashort pulses in a two-section laser due to coherent interaction of light with gain
and absorber was predicted theoretically. Coherent mode-locking technique allows to
generate ultrashort optical pulses with spectral width larger than the spectral width
of the gain medium. A totally new approach revealing the main features and physical
mechanism of this remarkable phenomena based on the area theorem was presented for
the first time. The last part involves the prediction of new type of Cherenkov radiation
in a resonant medium excited by ultrashort light pulses. The results presented in the
five original chapters are in brief the following.
In Chapter 2 a theoretical analysis of the possibility of passive mode-locking in a two-
section laser due to the coherent character of the interaction of radiation with amplifying
and absorbing media was presented. We considered a simpler and practically more
attractive scheme when the gain and absorber sections are spatially separated, but not
implemented within the same sample as it was considered in the literature earlier [30–
36]. An important feature of coherent mode-locking is the possibility of generation of
short optical pulses with spectral bandwidth wider than the bandwidth of the active
medium. It was shown that the regime of the coherent mode-locking is self-starting and,
hence, the injection of an external seeding pulse is not necessary to achieve this regime.
Qualitative consideration of coherent passive mode-locking based on the area theorem
of McCall and Hahn and its graphical representation was performed for the first time.
The examples of limit cycles of generation were presented. An analytical expression for
the self-starting condition of coherent mode-locking was derived. The analysis based
on the McCall and Hahn area theorem shows that the parameters of coherent mode-
locked pulses depend on the ratio of the transition dipole moment of the absorber to the
transition dipole moment of the amplifier. When this ratio increases the duration of the
laser pulse decreases. When the ratio is smaller than 1 or greater than 3 a regime with
multiple pulses per a cavity round-trip arises. In order to perform numerical experiments
for studying coherent mode-locking in a two-section lasers, a numerical model of a laser
based on the Maxwell-Bloch equations under the slowly varying envelope approximation
was developed. Results of the numerical simulations demonstrated the existence of a
coherent mode-locking regime in a two-section laser with ring or linear cavity in a wide
range of parameters. It was found that scenarios of coherent mode-locking calculated
numerically differ from those previously found in a soliton laser. Unlike the soliton laser
considered in [30], which requires a high-Q cavity, in our study the requirement of high-
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Q cavity is not necessary for the appearance of coherent mode-locking in two-section
lasers. Numerical simulations showed that coherent mode-locking can exist in lasers
with cavities having a low Q-factor.
Unfortunately, there is no experimental evidence of coherent mode-locking so far. All
existing passively mode-locked laser systems operate in the regimes, in which the pulse
spectral bandwidth is smaller than the gain bandwidth of the active medium, so that the
medium coherence time T2 is short compared to the pulse duration. The effect of self-
induced transparency (SIT) discovered and explained by MacCall and Hahn more than 40
years ago has a fundamental importance. A practical application of the SIT in photonics
and optoelectronics devices has not been found. An implementation of coherent mode-
locking in two-section lasers could be the first important practical application of the
phenomenon of SIT. By employing the technique of coherent mode-locking, one can use
narrowband active media for producing wideband pulses, and, therefore, the bandwidth
of the gain medium will not be the ultimate limit on the laser pulse duration.
In Chapters 3 and 4 we used the DDE model to analyze synchronization phenomena
in passively mode-locked semiconductor lasers. This model is commonly used to study
the nonlinear dynamics of PML semiconductor lasers and can reproduce experimentally
observed dynamical regimes. The DDE model is much simpler for numerical simulations
than the traveling wave model and allows to obtain some analytical results using asymp-
totic analysis. In Chapter 3 this model was used to investigate hybrid mode-locking in
semiconductor lasers. The phenomenon of the locking of the laser repetition frequency
to the frequency of the external modulation known as frequency entrainment was stud-
ied. The interval of modulation frequencies where this locking takes place is usually
referred to as the locking range. The locking range width was calculated numerically
and estimated analytically using a perturbation approach. Results of this analytical es-
timation are in very good agreement with those obtained from a numerical integration of
the model equations. Moreover, we investigated the possibility of hybrid mode-locking
when the frequency of the external signal is not only close to pulse repetition rate of
the free-running laser (standard case) but twice larger (SHM) or twice smaller (HFM)
than this rate. In the standard and SHM cases the locking range has approximately the
same width. But in the HFM case the locking range was significantly smaller, strongly
nonlinear and asymmetric. This fact is in a qualitative agreement with the experimen-
tal data obtained using quantum dot mode-locked lasers. Furthermore, asymmetry of
the locking range was also observed in the numerical simulations. This asymmetry is
related to the nonlinear dependence of the pulse repetition frequency on the amplitude
of the external signal. A similar asymmetry was observed in the experimental study of
a quantum dot mode-locked semiconductor laser in Ref. [42].
Another method for stabilization of the pulse repetition frequency in semiconductor
lasers is based on the dual mode coherent optical injection into a PML laser. This
technique was studied theoretically in Chapter 4 in the framework of the DDE model.
We investigated the phenomenon of synchronization of the pulse repetition rate to the
difference of the two injected frequencies. Our investigation demonstrated that this
synchronization can be achieved in the two following cases. In the first case the frequency
separation between two injected modes was changed keeping the master laser frequency
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constant (RF locking range). In the second case the master laser frequency was changed
keeping the separation frequency constant (optical locking range). We found that the RF
locking range width is ten times smaller than the optical locking range width. This fact
is in agreement with the recent experimental results obtained with a PML semiconductor
quantum dot laser [88]. The asymptotic formulas for the RF and optical locking range in
the limit of weak external optical injection and vanishing linewidth enhancement factor
were derived. The results obtained from these formula were in good agreement with
those obtained by numerical integration of the model equations. Using an asymptotic
analysis the dependence of the locking range on the model parameters was investigated.
It was shown that both RF and optical locking ranges have quadratic dependence on
the absorber relaxation rate, and decrease with the increase of the linear losses, ratio of
gain/absorber saturation intensities, and spectral bandwidth of the gain medium.
In Chapter 5 using a DDE model with two time delays the possibility of pulse repeti-
tion rate multiplication in a passively mode-locked laser coupled to an external passive
cavity was demonstrated numerically. In this case the external cavity acts as a spectral
filter which can suppress certain modes in the spectrum of a free-running mode-locked
laser. Our numerical simulations indicated the presence of the second (third) harmonic
mode-locking regimes when the round-trip of the laser cavity is two (three) times larger
than the round-trip time of the external passive cavity. The influence of the phase φ
describing the relative position of the two frequency combs associated with the active
and the passive cavities, respectively, on the system dynamics was studied. Numerical
simulations showed that the pulse peak power depends periodically on this phase and
that there are transitions between nonperiodic and mode-locking regimes when the phase
is changed. Existence of optical bistability between different laser operation regimes was
demonstrated numerically. The bistability arises when the linewidth enhancement fac-
tors are nonzero in the gain and the saturable absorber sections. At zero or sufficiently
small linewidth enhancement factors no bistability was observed in the numerical simu-
lations.
In Chapter 6 the Cherenkov radiation arising when a resonant string of dipoles with
spatial harmonic variation of the atomic density is excited by an ultrashort light pulse
propagating at superluminal velocity was studied. It was pointed out that this radiation
arises in the transient regime and contains both the resonance frequency of the medium
and an additional Doppler-like frequency. Analytical expressions for this additional
frequency were obtained in the case of the linear and circular string topologies. The
additional frequency arises in the linear and nonlinear regimes when pump pulse power
is weak and strong, respectively. In the nonlinear regime the intensity of the radiation
at the additional frequency is larger than the intensity of radiation at the resonance
frequency. Further analysis will be focused on the investigation of superluminal pulse
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A: Derivation of the system of
Maxwell-Bloch equations for a distributed
laser model
In the present Appendix as in Refs. [12, 16, 18] we will apply density matrix formalism
to derive the system of Maxwell-Bloch equations (2.8)-(2.12) describing the behavior of
slow envelopes of the electric field, polarization and population difference of a two-level
system. We assume that laser medium contains only two-levels. As a result the density
matrix is reduced to 2 × 2 matrix with elements ρ11, ρ12, ρ21, ρ22.
According to Ref. [12] the system of equations determined the evolution of nonlin-
ear density matrix element and population difference including time relaxations of the
















(ρ21 − ρ∗21). (2)
Here ∆ρ = ρ11 − ρ22 population difference between ground level and excited level of
two-level system, ∆ρ0 is the population difference in the absence of the electric field, ω12
is medium transition frequency, d12 is transition dipole moment, and E(t) the electric
field.
The ensemble average 〈d〉 of the dipole moment of the atom that is induced by field
E(t) is given by [12]:
〈d〉 = d12(ρ12 + ρ21). (3)
Represent electric field and nondiagonal element of the density matrix in the form:
E(t) = A(t) cos(ωt) +B(t) sin(ωt). (4)
ρ21 = σ21(t)e
−iωt = (Pc(t) + iPs(t))e
−iωt. (5)
Here A(t), B(t) are the slow envelopes of the electric field, σ21 is the slow envelope
of the density matrix element ρ21, Pc and Ps are the real and imaginary part of σ21
respectively. By substituting (4)-(5) in (1)-(2) and keeping only terms with e−iωt time
dependence and neglecting the terms having e−i2ωt and ei2ωt time dependence, we obtain
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(A(t)Ps(t) −B(z, t)Pc(t)) . (8)
Here ∆ω is the frequency detuning between optical the frequency of optical field ω and
medium resonance frequency ω12.
Medium polarization is related with Pc, Ps, the concentration of two-level atoms N0
by the following relation [12]:
P = N0〈d〉 = N0d12(ρ12 + ρ21) = 2N0d12(Pc cos(ωt) + Ps sin(ωt)). (9)
Below we will derive the system of equations describing the propagation of the electric
field in two-level medium.
We take the scalar field and the medium polarization in the form:
E(z, t) = A(z, t) cos(ωt− kz) +B(z, t) sin(ωt − kz). (10)
P (z, t) = 2N0d12(Pc(z, t) cos(ωt− kz) + Ps(z, t) sin(ωt− kz)). (11)











In the obtained expressions we used the following approximation (slow varying enve-
lope approximations): ∂F∂t << ω0F ,
∂F









F = A,B,Pc, Pc [12]. Using these approximations we obtain the system of Maxwell













= 4πωd12N0Pc(z, t). (14)
The coupled set of equations (6)-(8) with the equations (13)-(14) is our final system
of equations which we used for developing of the numerical model of a two-section laser.
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B: Symbols and conventions
Rez Real part of z
Imz Imaginary part of z
Θ(x) Heaviside function Θ(x) =
{
1, ifx > 0
0, ifx < 0
c velocity of light in vacuum, c = 2.99792458 · 1010 cm/s
~ Planck constant, ~ = 1.054571726 · 10−27 erg· s
ω carrier frequency of the optical field
ω12 center frequency
∆ω frequency detuning of the radiation field ω from transition frequency ω12, ∆ω = ω − ω12
ω0 resonance frequency
τp pulse duration
E0 electric field amplitude
ΩR Rabi frequency, ΩR =
d12E0
~
d12 transition dipole moment
T1 population difference relaxation time
T2 polarization relaxation time
∆ρ0 population difference at equilibrium
T cold cavity round-trip time
αg linewidth enhancement factor in the gain section
αq linewidth enhancement factor in the saturable absorber
γ spectral filtering bandwidth
κ non-resonant field intensity attenuation factor per cavity round-trip
g0 pump parameter
q0 unsaturated absorption
γg gain relaxation rate
γq saturable absorber relaxation rate
s ratio of gain/absorber saturation intensities
fP pulse repetition frequency of mode-locked laser
fM modulation frequency
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SIT Self-Induced Transparency
QCL Quantum Cascade Laser
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